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CONTINUOUS HOMOTOPY FIXED POINTS FOR LUBIN-TATE
SPECTRA
GEREON QUICK
Abstract. We construct a stable model structure on profinite spectra with
a continuous action of an arbitrary profinite group. This provides a natural
framework for a new and conceptually simplified construction of continuous
homotopy fixed point spectra and of continuous homotopy fixed point spectral
sequences for Lubin-Tate spectra under the action of the extended Morava
stabilizer group.
1. Introduction
For the action of a discrete groupG on a spectrumX there are well-known construc-
tions for the homotopy fixed point spectrum XhG and for the homotopy fixed point
spectral sequence. For fibrant X , the spectrum XhG is given by the G-fixed points
of the function spectrum F (EG+, X), where EG is a contractible free G-space. For
each spectrum Z, the spectral sequence
(1) H∗(G;X∗Z)⇒ [Z,XhG]∗
is induced by the filtration by the finite subskeleta of EG. But in some cases of
interest, the group G and the spectrum X carry additional structures that one
would like to take care of. For example, this is the case for the most important
group action in the chromatic approach to stable homotopy theory, the action of
the extended Morava stabilizer group Gn on the p-local Landweber exact spectrum
En. Let us shortly describe this famous example.
Let p be a fixed prime, n ≥ 1 an integer and Fpn the field with p
n elements. Let Sn
be the nth Morava stabilizer group, i.e. the automorphism group of the height n
Honda formal group law Γn over Fpn . We denote by Gal(Fpn/Fp) the Galois group
of Fpn over Fp and let Gn = Sn ⋊Gal(Fpn/Fp) be the semi-direct product. By the
work of Lubin and Tate [26], there is a universal ring of deformations E(Fpn ,Γn) =
W (Fpn)[[u1, . . . , un−1]] of (Fpn ,Γn), whereW (Fpn) denotes the ring of Witt vectors
of Fpn . The MU∗-module E(Fpn ,Γn)[u, u
−1] induces via the Landweber exact
functor theorem a homology theory and hence a spectrum, denoted by En and called
Lubin-Tate spectrum, with En∗ = E(Fpn ,Γn)[u, u
−1], |u| = −2. The profinite
group Gn acts on the ring En∗ (cf. [11]). By Brown representability, this induces
an action of Gn by maps of rings in the stable homotopy category. Furthermore,
Goerss, Hopkins and Miller have shown the crucial fact that there is even a Gn-
action on the spectrum-level on En that induces the action in the stable category
(see [18] and [38]).
Now Sn, Gal(Fpn/Fp) and hence also Gn are profinite groups. Moreover each
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homotopy group pitEn has the structure of a continuous profinite Gn-module. The
continuity of the action of Gn on each pitEn is an important property for stable
homotopy theory. For by Morava’s change of rings theorem, the K(n)∗-local En-
Adams spectral sequence for the sphere spectrum S0 has the form
(2) H∗(Gn;En∗)⇒ pi∗LK(n)S
0
where the E2-term is continuous cohomology of Gn with profinite coefficients En∗.
HereK(n) denotes the nth MoravaK-theory and LK(n) denotesK(n)∗-localization,
cf. [29] and [9]. Hence LK(n)S
0 looks like a continuous Gn-homotopy fixed point
spectrum of En and one would like to interpret the above spectral sequence as a
continuous homotopy fixed point spectral sequence of the Gn-action.
But the classical construction of homotopy fixed points and its spectral sequence
(1) do not reflect the topology on Gn. The function spectrum F (EG+, En) should
consist of continuous maps in some sense and the E2-term of the spectral sequence
(1) should be continuous cohomology of G. Hence it is a fundamental question in
stable homotopy theory to understand in which way En can be viewed as an object
with a continuous action under Gn, see [12].
Devinatz and Hopkins [12] have circumvented this problem and given an ad hoc
argument for the construction of continuous homotopy fixed points of En. They
proceeded in two steps by first constructing homotopy fixed points, here denoted
by EdhUn by adopting the notation in [5], for an open subgroup U of Gn using
that Gn/U is finite. In a second step they defined E
dhG
n for a closed subgroup
G. Since Gn is a p-adic analytic group, it is possible to find a sequence of open
subgroups Gn = U0 ⊃ U1 ⊃ . . . whose intersection is the trivial subgroup. Then
EdhGn is defined as an appropriate homotopy colimit of the E
dhUiG
n ’s. Moreover,
for every closed subgroup G of Gn, they provided a construction of a K(n)∗-local
Adams spectral sequence for the homotopy fixed point spectrum EdhGn whose E2-
term equals the desired continuous cohomology.
But since the argument of [12] did not explain in which sense Gn acts continuously
on En, the question remained how to view En as an actual continuous spectrum
and to find a natural framework for the continuous homotopy fixed point spectral
sequence. The purpose of this paper is to give a new and complete answer to this
question.
A previous approach has been developed by Davis in [5] and by Behrens and Davis
in [2] by studying discrete G-spectra. Davis used the idea of Devinatz and Hopkins
to start with the homotopy fixed point spectrum EdhUn of [12] for an open subgroup
U ⊂ Gn and defined a new spectrum Fn := colimi E
dhUi
n where the Ui run through
a fixed sequence of open subgroups of Gn as above. The K(n)∗-localization of
Fn is equivalent to En, where K(n)∗ denotes the nth Morava K-theory. One can
regard the localization of Fn as a continuous discrete Gn-spectrum. Furthermore,
Davis developed a stable homotopy theory for continuous discrete G-spectra, for
an arbitrary profinite group G, based on the work of Goerss [16] and Jardine [25].
Then he defined systematically the homotopy fixed points for closed subgroups of
Gn and constructed a continuous homotopy fixed point spectral sequence.
A different method has been used by Fausk. In [15], Fausk constructed a model
structure for pro-G-spectra, where G denotes a compact Hausdorff topological
group, e.g. a profinite group. He also obtained results on homotopy fixed points,
descent spectral sequences and iterated homotopy fixed points. These results are
equivalent to those of [5] if G has finite virtual cohomological dimension.
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But the crucial point is that if one wants to use the methods of Davis or Fausk
for Lubin-Tate spectra En, one first has to apply the construction of [12] for open
subgroups and has to rewrite En as the K(n)∗-localization of a suitable colimit of
the EdhUin ’s as in [12]. Hence the above question still remained open how to view
En as a continuous spectrum without using [12] for open subgroups of Gn and to
give a unified construction for all closed subgroups of Gn without [12].
The approach of the present paper provides a new unified natural construction of
continuous homotopy fixed points for any closed subgroup independent of [12] and
hence, in particular, also a new construction for open subgroups of Gn. The idea
is straightforward. Since the homotopy groups pitEn are not discrete but profinite
Gn-modules, a natural guess would be to look for a profinite structure on En. And,
in fact, there is one in the following sense. There is a model for En that is built out
of a sequence of simplicial profinite sets that carry a continuous Gn-action. Con-
sequently, a natural setting to study the action of Gn on En is a suitable category
of continuous profinite Gn-spectra.
Let us give a quick outline of the strategy and provide precise statements of the
main results of this paper. We will study continuous actions on profinite spectra of
an arbitrary profinite groupG in general. A pointed profinite G-space is a simplicial
object in the category of profinite sets with the limit topology and a continuous
G-action together with a choice of basepoint. These pointed profinite G-spaces
form a category Sˆ∗G with levelwise continuous G-equivariant maps as morphisms.
A profinite G-spectrum X is then a sequence of pointed profinite G-spaces Xn with
maps S1 ∧Xn → Xn+1 for all n, where the simplicial circle S
1 is a simplicial finite
set with trivial G-action.
We will start with fundamental properties of profinite G-spaces. Then we introduce
the category Sp(Sˆ∗G) of profinite G-spectra and show that Sp(Sˆ∗G) is equipped with
a natural stable model structure.
The fibrant replacement functor RG in Sp(Sˆ∗G) will allow us to give a natural
definition for continuous homotopy fixed point spectra. In fact, the homotopy fixed
point spectrumXhG of a profiniteG-spectrumX is defined as a continuous mapping
spectrum XhG := MapG(EG+, RGX) of G-equivariant and levelwise continuous
maps in Sp(Sˆ∗G) (see Definitions 4.6 and 4.12). We will show that these homotopy
fixed point spectra are equipped with a convergent spectral sequence
H∗(G;pi∗X)⇒ pi∗X
hG
whose E2-terms are given by the continuous cohomology groups of G.
The striking advantage of studying profinite actions in the category of profinite
spectra is that G and its classifying space EG yield natural objects in SˆG. The
homotopy fixed point spectral sequence is then obtained just as for a finite group
by filtering EG by its finite subskeleta. (But one should note that although EG
and X are profinite, the function spectrum MapG(EG+, X) does not in general
inherit a profinite structure, since, roughly speaking, the limit of EG is turned into
a colimit. Hence the homotopy groups ofXhG are not profinite anymore in general.)
In order to be able to apply these techniques to the action of Gn on the Lubin-
Tate spectrum En, we have to prove that we may consider En as a continuous
profinite Gn-spectrum. The starting observation is that En has a decomposition
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as a homotopy limit of spectra holimI En ∧MI , where the MI denote generalized
Moore spectra corresponding to an inverse system of ideals I in BP∗, cf. [21]. These
spectra have the important property that, for each such ideal I and for every t, the
homotopy groups pit(En∧MI) are finite (being trivial if t is odd). For any spectrum
with finite homotopy groups, we will construct a concrete stably equivalent model
as a profinite spectrum. This will provide a model of En ∧MI in the category of
profinite Gn-spectra. Taking the homotopy limit over all I will yield a model of En
as a profinite Gn-spectrum. The following results will be proven in the last section.
Theorem 1.1. En has a canonical model in the category of continuous profinite
Gn-spectra, i.e. there is a Gn-equivariant map of spectra ψ : En → E
′
n such that
E′n is a profinite Gn-spectrum and ψ is a stable equivalence of underlying spectra.
This allows us to apply the techniques described above to En and to prove the
following theorem where K(n)∗ denotes the nth Morava K-theory and LK(n) the
K(n)∗-localization functor of spectra.
Theorem 1.2. Let G be a closed subgroup of Gn.
(i) There is a K(n)∗-local continuous homotopy fixed point spectrum E
hG
n of En
which is natural in G and equivalent to the fixed point spectrum EdhGn of [12]. In
particular, we obtain an equivalence EhGnn ≃ E
dhGn
n ≃ LK(n)S
0.
(ii) There is a natural strongly convergent continuous homotopy fixed point spectral
sequence starting from continuous cohomology
H∗(G;pi∗En)⇒ pi∗E
hG
n
which is isomorphic to the K(n)∗-local En-Adams spectral sequence converging to
EdhGn .
This theorem restates some of the main results of [12] in the setting of profinite
G-spectra. The point is that it has a conceptually simpler proof. While in [12] the
special properties of Gn and En have been taken advantage of to define homotopy
fixed points, the methods we develop to prove Theorem 1.2 are general and work
for any continuous action of a profinite group on any profinite spectrum. (The only
place where we use that Gn is a finitely generated profinite group is when we show
that En has a model in the category of profinite Gn-spectra.) In particular, the
definition of EhGn is the same for all closed (or open) subgroups.
Finally, in order to prove that the canonical comparison map EdhGn → E
hG
n is an
equivalence, we will show that continuous mapping spectra yield a K(n)∗-local En-
Adams resolution of EdhGn . The key point is that we show the following result,
where Map(−,−) denotes the continuous mapping spectrum functor of Definition
4.5 and Remark 4.7.
Theorem 1.3. Let S be a profinite set. There is a map of spectra in the stable
homotopy category
LK(n)(En ∧Map(S,E
′
n))→ Map(S ×Gn, E
′
n)
that induces an isomorphism on homotopy groups. In particular, there is an iso-
morphism in the stable homotopy category
LK(n)(En ∧ En) ∼= Map(Gn, E
′
n).
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The last isomorphism of spectra corresponds to the isomorphism of homotopy
groups pi∗Lˆ(En ∧ En) ∼= Map(Gn, pi∗En) of [12], §2. It is an important feature
of the category of profinite Gn-spectra that we are able to express this relation on
the level of spectra and not only for homotopy groups.
Acknowledgements. The starting point of this project was a question by Dan
Isaksen if the profinite spectra of [32] fit in the theory of Lubin-Tate spectra. I
would like to thank him very much for this generous hint. I am very grateful to
Mike Hopkins for very helpful discussions. I would like to thank Daniel Davis for
many comments.
2. Homotopy theory of profinite spaces
2.1. Profinite spaces. We start with basic definitions and invariants for profinite
spaces that will be necessary to construct a homotopy category for profinite spectra.
For a category C with small limits, the pro-category of C, denoted pro-C, has as
objects all cofiltering diagrams X : I → C. Its sets of morphisms are defined as
Hompro−C(X,Y ) := lim
j∈J
colim
i∈I
HomC(X(i), Y (j)).
A constant pro-object is one indexed by the category with one object and one iden-
tity map. The functor sending an object X of C to the constant pro-object with
value X makes C a full subcategory of pro-C. The right adjoint of this embedding
is the limit functor lim: pro-C → C, which sends a pro-object X to the limit in C
of the diagram X .
Let E denote the category of sets and let F be the full subcategory of finite sets.
Let Eˆ be the category of compact Hausdorff and totally disconnected topological
spaces. We may identify F with a full subcategory of Eˆ in the obvious way. The
limit functor lim: pro-F → Eˆ is an equivalence of categories. Moreover the forgetful
functor Eˆ → E admits a left adjoint (ˆ·) : E → Eˆ which is called profinite completion.
We denote by Sˆ (resp. S) the category of simplicial profinite sets (resp. simplicial
sets). The objects of Sˆ (resp. S) will be called profinite spaces (resp. spaces). The
category Sˆ was studied for the first time by Morel in [30].
For a profinite space X , we define the set R(X) of simplicial open equivalence re-
lations on X . An element R of R(X) is a simplicial profinite subset of the product
X×X such that, in each degree n, Rn is an equivalence relation on Xn and an open
subset of Xn ×Xn. It is ordered by inclusion. For every element R of R(X), the
quotient X/R is a simplicial finite set and the map X → X/R is a map of profinite
spaces. The canonical map X → limR∈R(X)X/R is an isomorphism in Sˆ, cf. [30],
Lemme 1.
The profinite completion of sets induces a functor (ˆ·) : S → Sˆ, which is also called
profinite completion. For a space Z, its profinite completion can be described as
follows. Let R(Z) be the set of simplicial equivalence relations R on Z such that
the quotient Z/R is a simplicial finite set. The set R(Z) is ordered by inclusion.
The profinite completion is defined as the limit of the Z/R for all R ∈ R(Z), i.e.
Zˆ := limR∈R(Z) Z/R. Profinite completion of spaces is again left adjoint to the for-
getful functor | · | : Sˆ → S which sends a profinite space to its underlying simplicial
set.
Let X be a profinite space and pi a topological abelian group. The continuous
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cohomology H∗(X ;pi) of X with coefficients in pi is defined as the cohomology of
the complex C∗(X ;pi) of continuous cochains of X with values in pi, i.e. Cn(X ;pi)
denotes the set Homcont(Xn, pi) of continuous maps α : Xn → pi and the differ-
entials δn : Cn(X ;pi) → Cn+1(X ;pi) are the morphisms associating to α the map∑n+1
i=0 (−1)
iα ◦ di, where di denotes the ith face map Xn+1 → Xn. If pi is a fi-
nite abelian group and Z a simplicial set, then the cohomology H∗(Z;pi) of the
space Z and the continuous cohomology H∗(Zˆ;pi) of the profinite completion Zˆ are
canonically isomorphic.
Convention 2.1. Above and in the rest of the paper we do not use a special nota-
tion for continuous cohomology. For a profinite space and a topological coefficient
group, cohomology will always mean continuous cohomology.
If G is an arbitrary profinite group, we may still define the first cohomology of X
with coefficients in G following Morel’s idea in [30] p. 355. The functor (Sˆ)op → E ,
X 7→ Hom
Eˆ
(X0, G), is represented in Sˆ by the profinite space EG, whose set of
n-simplices is EGn = G
n+1, the (n+1)-fold product of G. We define the 1-cocycles
Z1(X ;G) to be the set of continuous maps f : X1 → G such that f(d0x)f(d2x) =
f(d1x) for every x ∈ X1. The functor (Sˆ)
op → E , X 7→ Z1(X ;G) is represented by
a profinite space BG = EG/G, whose set of n-simplices is BGn = G
n, the n-fold
product of G. Furthermore, there is a map
δ : Hom
Sˆ
(X,EG)→ Z1(X ;G) ∼= HomSˆ(X,BG)
which sends f : X0 → G to the 1-cocycle x 7→ δf(x) = f(d0x)f(d1x)
−1. We denote
by B1(X ;G) the image of δ in Z1(X ;G) and we define the pointed set H1(X ;G)
to be the quotient Z1(X ;G)/B1(X ;G). Finally, if X is a profinite space, we define
pi0X to be the coequalizer in Eˆ of the diagram d0, d1 : X1 ⇒ X0.
The profinite fundamental group of X is defined via covering spaces in the spirit of
Grothendieck. There is a universal profinite covering space (X˜, x) of X at a vertex
x ∈ X0. Then pi1(X, x) is defined to be the group of automorphisms of (X˜, x) over
(X, x). As the limit of the finite automorphism groups of the finite Galois coverings
of (X, x) the group pi1(X, x) is naturally a profinite group. For details we refer the
reader to [33].
Definition 2.2. A morphism f : X → Y in Sˆ is called
(1) a weak equivalence if the induced map f∗ : pi0(X) → pi0(Y ) is an isomorphism
of profinite sets, f∗ : pi1(X, x)→ pi1(Y, f(x)) is an isomorphism of profinite groups
for every vertex x ∈ X0, and f
∗ : Hq(Y ;M) → Hq(X ; f∗M) is an isomorphism
for every local coefficient system M of finite abelian groups on Y for every q ≥ 0;
(2) a cofibration if f is a levelwise monomorphism;
(3) a fibration if it has the right lifting property with respect to every cofibration
that is also a weak equivalence.
The category Sˆ has a simplicial structure (see also [8], §1.2). Let X and Y be
profinite spaces. The mapping space map
Sˆ
(X,Y ) is defined as the simplicial set
whose set of n-simplices is given as the set of maps
map
Sˆ
(X,Y )n = HomSˆ(X ×∆[n], Y )
and whose simplicial structure is induced by the cosimplicial structure of the stan-
dard simplex [n] 7→ ∆[n]. This defines a functor
map
Sˆ
(−,−) : Sˆop × Sˆ → S.
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The tensor and cotensor structure on the category Sˆ is defined as follows. Let K
be a finite simplicial set, i.e. a simplicial set with only finitely many nondegenerate
simplices. This implies, in particular, that K is a simplicial finite set. Let X be a
profinite space. The tensor object X ⊗ K ∈ Sˆ is defined as the levelwise defined
product of simplicial profinite sets X ×K. For the cotensor object, we recall that
any profinite spaceX is canonically isomorphic to a limit limβ Xβ of simplicial finite
sets. This implies that the set of maps Hom
Sˆ
(K,X) inherits a natural structure as
a profinite set given by the limit of finite sets
lim
β
Hom
Sˆ
(K,Xβ).
The cotensor or function object in Sˆ is defined as the profinite space hom
Sˆ
(K,X) ∈
Sˆ whose set of n-simplices is given by the profinite set of maps
hom
Sˆ
(K,X)n = HomSˆ(K ×∆[n], X).
If K is an arbitrary simplicial set, it is isomorphic to the filtered colimit over its
finite simplicial subsets Kα. For a profinite space X , we define the tensor object
X⊗K to be the colimit in Sˆ of the profinite spaces X⊗Kα (see also [8], §1.2), i.e.
X ⊗K := colim
α
X ×Kα in Sˆ.
The function object is defined to be the limit in Sˆ of the profinite spaces hom
Sˆ
(Kα, X),
i.e.
hom
Sˆ
(K,X) := lim
α
hom
Sˆ
(Kα, X) in Sˆ.
Let X and Y be profinite spaces and let K be a simplicial set. Then mapping
space, tensor and function objects are connected by the natural bijections
map
Sˆ
(X ⊗K,Y ) ∼= mapS(K,mapSˆ(X,Y ))
and
map
Sˆ
(Y, hom
Sˆ
(K,X)) ∼= mapS(K,mapSˆ(X,Y ))
where mapS(−,−) denotes the mapping space functor on S. This defines the
structure of a simplicial category on Sˆ in the sense of [36], II §§1+2.
The following theorem was proven in [34], Theorem 2.3.
Theorem 2.3. The classes of weak equivalences, cofibrations and fibrations, as
defined above, provide Sˆ with the structure of a fibrantly generated left proper sim-
plicial model category. We denote the homotopy category by Hˆ.
We consider the category S of simplicial sets with the usual model structure of [36].
We denote its homotopy category by H. Then the next result was shown in [33].
Proposition 2.4. 1. The levelwise completion functor (ˆ·) : S → Sˆ preserves weak
equivalences and cofibrations.
2. The forgetful functor | · | : Sˆ → S preserves fibrations and weak equivalences
between fibrant objects.
3. The induced completion functor (ˆ·) : H → Hˆ and the right derived functor
R| · | : Hˆ → H form a pair of adjoint functors.
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2.2. Pointed profinite spaces. Let Sˆ∗ be the category of pointed profinite spaces,
i.e. profinite spaces X with a chosen map from the one-point space to X . Profinite
completion of spaces induces in the obvious way a profinite completion functor
(ˆ·) : S∗ → Sˆ∗, where S∗ denotes the category of pointed spaces.
For pointed profinite spaces X and Y , let X ∨Y be the wedge of X and Y over the
base point. The smash product X ∧ Y is defined to be the quotient in Sˆ∗
X ∧ Y := (X × Y )/(X ∨ Y ).
The category Sˆ∗ also has a simplicial structure (cf. again [8], §1.2). Let X and
Y be pointed profinite spaces. The mapping space map
Sˆ∗
(X,Y ) is defined as the
simplicial set whose set of n-simplices is given as the set of maps
map
Sˆ∗
(X,Y )n = HomSˆ∗(X ∧∆[n]+, Y )
where ∆[n]+ denotes the standard simplicial set with an additional disjoint base
point. This defines a functor
map
Sˆ∗
(−,−) : Sˆop∗ × Sˆ∗ → S.
The tensor and cotensor structure are defined as follows. LetK be a finite simplicial
set, and X a pointed profinite space. The tensor object X ⊗K ∈ Sˆ∗ is defined as
the smash product X ∧ K+. The function object in Sˆ∗ is defined as the pointed
profinite space hom
Sˆ∗
(K,X) ∈ Sˆ∗, pointed by the constant map to the basepoint
of X , whose set of n-simplices is given by the profinite set of maps
hom
Sˆ∗
(K,X)n = HomSˆ∗(K+ ∧∆[n]+, X).
If K is an arbitrary simplicial set and X a pointed profinite space, we define the
tensor object X ⊗K to be the colimit in Sˆ∗ of the profinite spaces X ∧Kα+ where
Kα runs through the finite simplicial subsets of K (see also [8], §1.2). The function
object hom
Sˆ∗
(K,X) is defined to be the limit in Sˆ∗ of the pointed profinite spaces
hom
Sˆ∗
(Kα, X).
Let X and Y be pointed profinite spaces and let K be a simplicial set. Then
mapping space, tensor and function objects are connected by the natural bijections
map
Sˆ∗
(X ⊗K,Y ) ∼= mapS(K,mapSˆ∗(X,Y ))
and
map
Sˆ∗
(Y, hom
Sˆ∗
(K,X)) ∼= mapS(K,mapSˆ∗(X,Y )).
This defines the structure of a simplicial category on Sˆ∗.
If the finite simplicial set K is already equipped with a base point and X is a
pointed profinite space, we also denote by hom
Sˆ∗
(K,X) ∈ Sˆ∗ the pointed profinite
space whose set of n-simplices is given by the profinite set of maps
hom
Sˆ∗
(K,X)n = HomSˆ∗(K ∧∆[n]+, X).
Moreover, if X is a pointed profinite space and K is an arbitrary pointed simplicial
set, we define the pointed profinite space hom
Sˆ∗
(K,X) ∈ Sˆ∗ to be the limit in Sˆ∗
hom
Sˆ∗
(K,X) = lim
α
hom
Sˆ∗
(Kα, X)
where Kα runs through the pointed finite simplicial subsets of K such that K
is isomorphic to colimαKα as a pointed simplicial set. If K and L are pointed
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simplicial sets and X a pointed profinite space, we also have the following natural
isomorphism
(3) hom
Sˆ∗
(K, hom
Sˆ∗
(L,X)) ∼= homSˆ∗(K ∧ L,X)
∼= homSˆ∗(L, homSˆ∗(K,X)).
Example 2.5. As an example of function objects, let S1 be the simplicial circle,
i.e. the quotient S1 = ∆[1]/∂∆[1] of the standard simplex ∆[1] by its boundary.
The pointed simplicial set S1 is finite in each degree, i.e. it is a simplicial finite
set and hence also an object in Sˆ∗. Taking the smash product with S
1 defines a
functor Sˆ∗ → Sˆ∗, X 7→ S
1 ∧ X . It is left adjoint to the functor Sˆ∗ → Sˆ∗ defined
by sending a pointed profinite space X to the function object hom
Sˆ∗
(S1, X) in Sˆ∗.
We denote hom
Sˆ∗
(S1, X) also by ΩX . Hence for pointed profinite spaces X and Y
there is a natural isomorphism
map
Sˆ∗
(S1 ∧X,Y ) ∼= mapSˆ∗(X,ΩY ).
As an under-category of Sˆ, Sˆ∗ inherits a model structure. We call a map in Sˆ∗ a
weak equivalence (cofibration, fibration) if its underlying map in Sˆ is a weak equiva-
lence (cofibration, fibration). It follows from the general theory of model categories,
as explained for example in [22], Proposition 1.1.8 and the dual of Lemma 2.1.21,
that Theorem 2.3 implies the following result.
Theorem 2.6. The classes of weak equivalences, cofibrations and fibrations provide
Sˆ∗ with the structure of a fibrantly generated left proper simplicial model category.
We denote the homotopy category by Hˆ∗.
The Quillen adjunction of Proposition 2.4 can be rephrased in terms of mapping
spaces. Let K be a pointed simplicial set and X be a fibrant pointed profinite
space. Then there is a natural isomorphism of fibrant simplicial sets
map
Sˆ∗
(Kˆ,X) ∼= mapS∗(K, |X |).
Moreover, if K = S1 is the simplicial circle, there is an isomorphism in S∗
(4) |ΩX | = |hom
Sˆ∗
(S1, X)| ∼= mapSˆ∗(S
1, X) ∼= mapS∗(S
1, |X |) =: Ω|X |.
Remark 2.7. Let X be a pointed profinite space. The maps d0, d1 : ∆[0]⇒ ∆[1]
and s0 : ∆[1] → ∆[0] induce maps X ∨X → X ∧∆[1]+ and X ∧∆[1]+ → X and
make X ∧∆[1]+ into a cylinder object for X in Sˆ∗. For the maps X → X ∧∆[1]+
induced by d0 and d1 are cofibrations and weak equivalences and the induced map
X∧∆[1]+ → X is a weak equivalence in Sˆ∗. Hence if Y is a fibrant pointed profinite
space, there is a natural bijection
pi0map∗(X,Y )
∼= HomHˆ∗(X,Y ).
Moreover, let K be a pointed simplicial set, X , Y pointed profinite spaces, and Y
fibrant in Sˆ∗. If we denote the homotopy category of pointed simplicial sets by H∗,
then there are natural bijections
Hom
Hˆ∗
(K ⊗X,Y ) ∼= HomHˆ∗(X, homSˆ∗(K,Y )),
Hom
Hˆ∗
(K ⊗X,Y ) ∼= HomH∗(K,mapSˆ∗(X,Y )), and
Hom
Hˆ∗
(Kˆ, Y ) ∼= HomH∗(K, |Y |).
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2.3. An explicit fibrant replacement functor. As indicated by Morel for pro-
p-completion of spaces in [30], §2.1, p. 367, there is an explicit construction for the
fibrant replacement in Sˆ. This construction is based on the work of Quillen [37]
and Dwyer-Kan [13]. We refer the reader to [35] for more details.
First, let X be a reduced simplicial finite set. We denote by ΓX the free loop group
construction of X . When we apply the profinite completion of groups levelwise to
the simplicial group ΓX , we obtain a simplicial profinite group denoted by ΓˆX .
Its profinite classifying space W¯ ΓˆX is a fibrant object in Sˆ. It is equipped with a
canonical map η : X → W¯ ΓˆX and one can show that this is a weak equivalence of
profinite spaces. The crucial point is that free groups are good in the sense of Serre
which we will discuss below.
Second, let X be an arbitrary simplicial finite set. We can generalize the previous
argument by applying to X the free loop groupoid construction ΓX (see [13] or
[19], V §7, p. 322). It is defined in degree n to be the free groupoid on generators
x : x1 → x0 with x ∈ Xn+1, subject to the relations s0x0 = 1x0 , x0 ∈ Xn.
The objects of this groupoid are just the vertices of X. One can define a functor
ΓXn → ΓXm for each ordinal number morphism [m] → [n]. Then we apply the
degreewise profinite completion functor to groupoids. We call a groupoid H finite
if the set of objects of H is finite and the group of automorphisms of any object is
finite as well. The profinite completion of a groupoid is then the limit as a groupoid
of the filtered system of its quotient groupoids which are finite groupoids in this
sense (see also [30], p. 367). We obtain a simplicial profinite groupoid ΓˆX . We
apply again the classifying space functor W¯ for simplicial groupoids of [19], V, to
get the fibrant profinite space W¯ ΓˆX and a canonical map η : X → W¯ ΓˆX in Sˆ.
Finally, let X be an arbitrary profinite space. It is isomorphic in Sˆ to the limit
limQX/Q where Q runs through the simplicial open equivalence relations on X ,
i.e. those simplicial relations such that Qn is an open subset of Xn ×Xn for each
n. We define its free simplicial profinite groupoid by
GˆΓX := lim
Q
Γˆ(X/Q).
Then we apply W¯ to get a fibrant profinite space RX equipped with a canonical
map
η : X → RX := W¯ ΓˆX = lim
Q
W¯ Γˆ(X/Q).
As before one can show that η is a weak equivalence. Hence η gives a fibrant
replacement functor in Sˆ. In particular, we can write RX as a limit
RX = lim
Q
lim
UQ
W¯ (Γ(X/Q)/UQ)
where UQ runs through the normal subgroupoids of Γ(X/Q) such that the quotient
Γ(X/Q)/UQ is a simplicial finite groupoid. Hence we can decompose a fibrant
profinite space into a limit of simplicial finite sets which are fibrant in Sˆ. Moreover,
after taking Postnikov sections we can write RX as a limit
RX = lim
Q,n
lim
UQ
cosknW¯ (Γ(X/Q)/UQ)
of simplicial finite sets which are also finite spaces, i.e. simplicial sets whose homo-
topy groups are all finite and only a finite number of them are nontrivial.
Finally, let X be a pointed profinite space with basepoint given by a map p : ∗ → X
from the discrete simplicial set ∗ with a single vertex. The decomposition of X as a
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limit of simplicial finite sets X ∼= limQX/Q is then also a decomposition as a limit
of pointed simplicial finite sets, since p induces compatible maps ∗ → X/Q which
provide basepoints for each X/Q. Hence the map
η : X → RX
provides in fact a fibrant replacement in the model structure of pointed profinite
spaces such that RX is a limit of pointed simplicial finite sets which are fibrant in
Sˆ∗.
2.4. Homotopy groups of profinite spaces. Let X be a pointed profinite space.
The profinite fundamental group has been defined above. For n ≥ 2, we define the
nth homotopy group of X as follows.
Definition 2.8. Let X be a pointed profinite space and let RX be a fibrant re-
placement of X in the above model structure on Sˆ∗. For n ≥ 2, we define the nth
profinite homotopy group of X to be the group
pin(X) := pi0(Ω
n(RX)).
As shown in [33], this is consistent with the definition of pi1 as well. For n ≥ 2, the
higher homotopy groups pinX are abelian groups, since Ω
nX is a group object in
Hˆ∗.
Lemma 2.9. Let X be a fibrant pointed profinite space. The profinite homotopy
groups of X defined in Definition 2.8 is naturally isomorphic to the usual homotopy
group of the underlying fibrant simplicial set |X |.
Proof. By Proposition 2.4, the forgetful functor | · | : Sˆ∗ → S∗ preserves fibrant
objects and weak equivalences between fibrant objects. Since X is a fibrant pointed
profinite space, for every n ≥ 0 we have an isomorphism of groups (respectively
sets for n = 0)
pin(X) = pi0(Ω
n(X)) ∼= pi0(Ω
n(|X |)) ∼= pin(|X |)
where pin(|X |) denotes the nth homotopy group of the simplicial set |X |. 
Remark 2.10. The assumption in the previous lemma that X is fibrant in Sˆ∗ of
course crucial. If we start with an arbitrary pointed profinite space Y , then the
homotopy group pin(|Y |) of its underlying space |Y | is in general not isomorphic to
the homotopy group pin(Y ) of Definition 2.8. Since the notion of weak equivalences
in Sˆ∗ is different from the one in S∗, the fibrant replacement in Sˆ∗ does not preserve
the homotopy type of |Y | in H∗
Furthermore, the homotopy groups of Definition 2.8 carry a natural profinite struc-
ture. To simplify notations, let X be fibrant in Sˆ∗. Using the explicit fibrant
replacement functor defined in the previous section, we can assume that X is given
as the limit limβ Xβ of pointed simplicial finite sets which are fibrant in Sˆ∗. Since
the underlying space of a fibrant object in Sˆ∗ is a fibrant simplicial set, we see that
the spaces underlying X and each underlying space of Xβ are fibrant as simpli-
cial sets. Furthermore, since Sˆ∗ is a simplicial model category, homSˆ∗(S
1, Xβ) is a
simplicial finite set which is fibrant in Sˆ∗. Hence
hom
Sˆ∗
(S1, X) = hom
Sˆ∗
(S1, lim
β
Xβ) = lim
β
hom
Sˆ∗
(S1, Xβ)
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is a cofiltered limit of fibrant simplicial finite sets. The fact that pin(X) is a profinite
group is now implied by the following proposition due to Dehon and Lannes [7],
Proposition 1.1.3.
Proposition 2.11. Let {Xβ}β be a cofiltered diagram of fibrant simplicial finite
sets. Then the canonical map
pi0(lim
β
Xβ)→ lim
β
(pi0Xβ)
is a bijection.
2.5. Homotopy limits of pointed profinite spaces. Homotopy limits of dia-
grams of profinite spaces can be defined using the construction of Bousfield and
Kan in [4], XI. Let I be a small category and BI be the nerve of I. Recall that this
is the simplicial set whose n-simplices are sequences
u = (i0
α1← . . .
αn← in)
of morphisms in I. Moreover, for an object i in I, one can form the over-category
I/i whose objects are maps i0 → i. The nerve B(I/i) of this over-category is the
simplicial set whose n-simplices are sequences
i
α
← i0
α1← . . .
αn← in
of morphisms in I.
Let X(−) : I → Sˆ∗ be a functor from I to pointed profinite spaces. The existence
of cotensor objects in Sˆ∗ allows to define the pointed profinite space
hom
Sˆ∗
(B(I/−), X(−)) ∈ Sˆ∗
as the equalizer in Sˆ∗ of the diagram of pointed profinite spaces∏
i∈I
hom
Sˆ∗
(B(I/i), X(i))⇒
∏
α:i→i′∈I
hom
Sˆ∗
(B(I/i), X(i′))
where the two maps are induced by the maps in Sˆ∗
hom
Sˆ∗
(B(I/i), X(i))
X(α)
−→ hom
Sˆ∗
(B(I/i), X(i′))
and
hom
Sˆ∗
(B(I/i′), X(i′))
B(I/α)
−→ hom
Sˆ∗
(B(I/i), X(i′)).
In analogy to [4], XI §3, we make the following definition.
Definition 2.12. Let I be small category and X(−) : I → Sˆ∗ be a functor. The
homotopy limit of X(−) is defined to be the pointed profinite space
holim
i∈I
X(i) := hom
Sˆ∗
(B(I/−), X(−)).
Lemma 2.13. Let X(−) be a functor from a small category I to pointed profinite
spaces. If X(i) is fibrant for every i ∈ I, then holimi∈I X(i) is fibrant in Sˆ∗.
Let f(−) : X(−) → Y (−) be a natural transformation of functors from the small
category I to the full subcategory of fibrant pointed profinite spaces. Let
f := holim
i∈I
f(i) : holim
i∈I
X(i)→ holim
i∈I
Y (i)
be the induced map on homotopy limits. If f(i) : X(i)→ Y (i) is a weak equivalence
in Sˆ∗ for every i ∈ I, then f is a weak equivalence in Sˆ∗.
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Proof. This is proved in [20], Theorems 19.4.1 and Theorem 19.4.2. See also Remark
19.1.6 and Proposition 16.6.6 in [20] that show that the definition of homotopy limits
in [20], §19, coincides with the construction in Definition 2.12. 
Lemma 2.14. Let X(−) : I → Sˆ∗ be a small cofiltering diagram such that each
X(i) is connected and fibrant in Sˆ∗. Then there is a natural isomorphism of homo-
topy groups of underlying simplicial sets for every q ≥ 0
piq(| holim
i∈I
X(i)|) ∼= lim
i∈I
piq(|X(i)|).
Proof. Since the right Quillen functor | − | : Sˆ∗ → S∗ of forgetting the profinite
structure commutes with limits and cotensor objects, it also commutes with forming
the homotopy limit of the diagram X(−) : I → Sˆ∗, i.e. there is an isomorphism S∗
| holim
i∈I
X(i)| ∼= holim
i∈I
|X(i)|.
By [4] XI §7.1, since each |X(i)| is a fibrant pointed simplicial set, there is a spectral
sequence involving derived limits
(5) Es,t2 =
{
limsI pit(|X(i)|) for 0 ≤ s ≤ t
0 else
converging to pis+t holimi |X(i)|. As we pointed out in Lemma 2.9, the homotopy
groups pit(|Y |) of the pointed simplicial set |Y | underlying a fibrant pointed profinite
space Y satisfy
pit(|Y |) ∼= pit(Y )
where the right hand group is the profinite homotopy group of the fibrant pointed
profinite space Y of Definition 2.8. This implies that the groups pit|X(i)| in (5)
are profinite groups for all t and all i. Since the functor sending a small cofilter-
ing diagram to its inverse limit is exact on the category of profinite groups ([39]
Proposition 2.2.4), spectral sequence (5) degenerates to a single row and implies
the desired isomorphism. 
2.6. Comparison with the work of Artin-Mazur, Morel and Sullivan. Let
Hfin denote the full subcategory of H of finite spaces, i.e. of simplicial finite sets
whose homotopy groups are all finite and only a finite number of them are nontrivial.
The morphisms are homotopy classes of maps. Let H0 denote the full subcategory
of connected spaces. Artin and Mazur showed in [1] that, for every space X ∈ H0,
the functor
Hfin → E , F 7→ [X,F ],
is pro-representable in Hfin. The representing pro-object Xˆ
AM ∈ pro−Hfin is called
the (Artin-Mazur) profinite completion of X . Then Sullivan showed in [44] that
the underlying diagram in Hfin of Xˆ
AM has a limit XˆSu in H, which is called the
profinite completion of Sullivan (see also [30]).
The previously constructed fibrant replacement functor in Sˆ for the model structure
of Theorem 2.3 provides a rigid model of the Artin-Mazur and Sullivan profinite
completion and extends it to nonconnected spaces. This rigidification is obtained
as follows.
Given a profinite space Z, we have seen above that we can decompose it into an
inverse system of fibrant profinite spaces with finite homotopy groups. Together
with taking finite Postnikov sections, this yields a decomposition of Z into an inverse
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system of finite spaces in S. By applying this to the completion Xˆ of a space X ,
we get a functor
T : S → Sˆ → pro− Sfin
where Sfin is the full subcategory of S of finite spaces. Now we can consider this
functor on the homotopy level
T : H → Hˆ → pro−Hfin.
It follows immediately from the previous results on profinite spaces and [1], Theo-
rem 4.3, that T |H0 is isomorphic to the Artin-Mazur completion functor. Moreover,
this implies that the fibrant replacement of Xˆ in Sˆ is a rigid model for the Sullivan
completion of X , i.e. that |RXˆ| is canonically isomorphic to XˆSu in H. Hence |RXˆ|
provides a rigid model for profinite completion.
In [30] Morel proved that there is a model structure on Sˆ for each prime num-
ber p in which the weak equivalences are the maps that induce isomorphisms on
continuous Z/p-cohomology. The generating fibrations are given by the canonical
maps L(Z/p, n) → K(Z/p, n + 1), K(Z/p, n) → ∗, and trivial fibrations are given
by the maps L(Z/p, n) → ∗ for every n ≥ 0 (see also [17] and [33]). The fibrant
replacement functor Rp of [30] yields a rigid version of the pro-p-finite-completion
of Artin-Mazur and Sullivan.
An extended discussion of this comparison and further aspects of profinite comple-
tion of spaces can be found in [35].
2.7. Completion of spaces versus completion of groups. Beside the comple-
tion functor of spaces (ˆ·) : S → Sˆ there is a well-known profinite completion functor
for discrete groups. For lack of better notation we will also denote the profinite
completion of a group G by Gˆ. It is equipped with a natural homomorphism G→ Gˆ
which is universal among continuous homomorphisms from G to profinite groups.
Given a pointed space X ∈ S∗, the homotopy groups of Definition 2.8 of its profi-
nite completion Xˆ ∈ Sˆ∗ are profinite groups. Hence the induced map pitX → pitXˆ
factors through the group completion of pitX , i.e. there is a commutative diagram
pitX
""❉
❉❉
❉❉
❉❉
❉
// pitXˆ
pitX.
ϕt
<<③③③③③③③③
It is a fundamental question if completion of spaces and groups commute. Unfortu-
nately, ϕt is not an isomorphism in general. A similar phenomenon is well-known
for group completion and cohomology. In [41], this led Serre to call a group G good
if the induced map ψ : H∗(Gˆ;M) → H∗(G;M) between continuous and discrete
group cohomology is an isomorphism for every finite G-moduleM . It turns out that
after modifying slightly the notion of good groups by considering the action of the
fundamental group on the higher homotopy groups, one gets a sufficient condition
such that the completion of spaces commutes with the one of groups.
Following [44], for a pointed space X , we call pi1 := pi1X a good fundamental group,
if it is a good group in the sense of Serre above such that
Hi(pˆi1;M) ∼= H
i(pi1;M)
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is a finite group for all finite pi1-modules M and all i ≥ 0.
Let pin := pinX , n ≥ 2, be a higher homotopy group of X . It carries a canonical
action of pi1. Let P be the filtered set of finite pi1-quotients of pin. We denote by
pˆipi1n := limQ∈P Q the pi1-completion of pin. This is, in particular, a profinite group
on which pi1 acts continuously. The pi1-module pin is called a good higher homotopy
group if
Hi(pin;A) ∼= H
i(pˆipi1n ;A)
is an isomorphism of finite groups for all finite coefficient groups A and all i ≥ 0.
With these definitions we reinterpret the following result of Sullivan [44], Theorem
3.1.
Theorem 2.15. Let X be a connected pointed space.
(a) The canonical map ϕ1 : pi1X → pi1Xˆ is an isomorphism of profinite groups, i.e.
pi1X → pi1Xˆ equals group completion.
(b) If X has a good fundamental group and good higher homotopy groups, then
ϕt : pitX → pitXˆ is an isomorphism of profinite groups for every t.
Proof. The first assertion follows immediately from the definition of the profinite
fundamental group of a profinite space via profinite covering spaces with finite fibres
and the analogous description of the usual fundamental group of X (see [33]). The
second assertion follows from Theorem 3.1 in [44] together with the fact discussed
above that |RXˆ| is a rigid model for the profinite completion of Sullivan, i.e. that
|RXˆ| is canonically isomorphic to XˆSu in H. 
2.8. A concrete profinite replacement functor. The result of Sullivan shows
that profinite completion of spaces with finite homotopy groups induces a weak
equivalence of underlying spaces. For a slightly smaller class of spaces, we have a
more concrete description of a profinite model.
We recall that a space X is called simple if it has an abelian fundamental group and
if the action of the fundamental group on the higher homotopy groups is trivial.
Lemma 2.16. Let X be a connected simple pointed space whose homotopy groups
are all finite. Then there is a pointed simplicial finite set which is fibrant in Sˆ∗ and
a pointed map X → FX which is a weak equivalence of underlying simplicial sets.
In particular, it induces an isomorphism pi∗X ∼= pi∗FX of homotopy groups of the
underlying simplicial sets.
The assignment X 7→ FX is functorial in the sense that given a map g : X → Y
between connected simple pointed spaces with finite homotopy groups, there is a map
F (g) in Sˆ∗ such that the following diagram of underlying simplicial sets commutes
X

g
// Y

FX
F (g)
// FY.
Proof. We can assume that X is a fibrant simplicial set. Let pin := pinX be the
nth finite homotopy group of X . We define the pointed profinite space FX as the
limit in Sˆ∗ of a specific Postnikov tower {X(n)}n≥1 of X . Let cosknX ∈ S∗ be the
nth coskeleton of X . It is equipped with a natural pointed maps X → cosknX and
coskn+1X → cosknX for each n ≥ 0. The fibrant pointed space X is isomorphic to
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the limit limn cosknX . Moreover, the map cosknX → coskn−1X sits in a homotopy
pullback square in S∗
(6) cosknX

// WK(pin, n)
qn

coskn−1
kn
// K(pin, n+ 1).
The map qn is the universal bundle over the simplicial group K(pin, n+ 1). For a
simplicial group Γ, the contractible space WΓ is defined by
(WΓ)n = Γn × Γn−1 × . . .× Γ0.
The map kn is the k-invariant defined by a class
[kn] ∈ H
n+1(coskn−1X ;pin)
in the cohomology of coskn−1X with coefficients in pin.
Now we define the pointed profinite spaces X(n) together with pointed maps jn :
cosknX → X(n) which are weak equivalences of underlying pointed simplicial sets.
For n = 1, we define X(1) := Bpi1X . It is a pointed simplicial finite set and a
fibrant object in Sˆ∗. Choosing any weak equivalence cosk1X → Bpi1X of simplicial
sets provides a map j1 : cosk1X → X(1).
For n ≥ 2, assume we are given X(n− 1) and a map jn−1 : coskn−1 → X(n− 1).
Up to homotopy there is a factorization in the category of pointed simplicial sets
coskn−1X
kn

jn−1
// X(n− 1)
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
K(pin, n+ 1).
The space X(n) and the map X(n)→ X(n− 1) is then defined as the pullback of
the diagram of simplicial finite sets
(7) X(n)

// WK(pin, n)
qn

X(n− 1)
kn
// K(pin, n+ 1).
Since pin is a finite group, K(pin, n + 1) and WK(pin, n) are finite in each degree.
Moreover, the map
qn :WK(pin, n)→ K(pin, n+ 1)
is a fibration in Sˆ∗ by [35], Theorem 3.7. Hence the pullback of (7) can be con-
structed in Sˆ∗ and X(n) is a simplicial finite set which is a fibrant object in Sˆ∗.
Since the map
cosknX →WK(pin, n)×K(pin,n+1) coskn−1X
is a weak equivalence, the induced map jn : cosknX → X(n) is a weak equivalence
of underlying simplicial sets. We define FX to be the limit
FX := lim
n
X(n).
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Since the finite set of m-simplices of X(n) is isomorphic to the finite set of m-
simplices of X(n − 1) for m ≤ n − 1, FX is a simplicial finite set, and FX is a
fibrant object in Sˆ∗, since it is the limit of a tower of fibrations in Sˆ∗. Since the two
maps X → limn cosknX and limn cosknX → limnX(n) are weak equivalences of
underlying simplicial sets, the associated map ϕ : X → FX is a weak equivalence of
underlying simplicial sets and hence induces an isomorphism pi∗X ∼= pi∗FX . Finally,
we deduce the last assertion of the lemma from the fact that all the constructions
involved in order to define FX are functorial. 
Lemma 2.16 provides a functorial construction F that associates a weakly equivalent
profinite space to a connected simple pointed space with finite homotopy groups.
Since we also want to apply this construction to spectra, we need to understand its
behavior with respect to taking loop spaces.
Lemma 2.17. (a) Let X and Y be connected simple pointed spaces with finite
homotopy groups and let f : X → Y be a weak equivalence of pointed simplicial
sets. Then the induced map F (f) is a weak equivalence in Sˆ∗.
(b) Let W be a connected simple pointed space with finite homotopy groups. Then
there is a natural weak equivalence F (ΩX)
∼
→ Ω(FX) in Sˆ∗.
(c) If V → ΩW is a weak equivalence between connected simple pointed spaces with
finite homotopy groups, then the composite map FV → F (ΩW ) → Ω(FW ) is a
weak equivalence in Sˆ∗.
Proof. (a) Let {X(n)}n and {Y (n)}n be the two towers of fibrations corresponding
to X and Y , respectively, used in the proof of Lemma 2.16 in order to construct
FX and FY . For each n, the map X(n) → Y (n) of simplicial finite sets induced
by f is a weak equivalence in S∗ and in Sˆ∗. Hence the map of limits of the towers
of fibrations
FX = lim
n
X(n)→ lim
n
Y (n) = FY
is a weak equivalence in Sˆ∗ as well.
(b) This follows now from the fact that the map K(pi, n) → Ω(K(pi, n + 1)) is a
weak equivalence in S∗ and Sˆ∗ for every finite group pi and every n.
(c) This is a consequence of (a) and (b). 
2.9. Profinite G-spaces. Let G be a fixed profinite group. Let S be a profinite
set on which G acts continuously, i.e. the group G is acting on S via a continuous
map µ : G × S → S. In this situation we say that S is a profinite G-set. If X
is a profinite space and G acts continuously on each Xn such that the action is
compatible with the face and degeneracy maps, then we call X a profinite G-space.
We denote by SˆG the category of profinite G-spaces. The morphism are given by
G-equivariant maps of profinite spaces.
While a discreteG-space Y is characterized as the colimit over the fixed point spaces
Y U over all open subgroups, a profinite G-space X is the limit over its orbit spaces
XU . More explicitly, for an open subgroup U of G, let XU be the quotient space
under the action by U , i.e. the quotient X/ ∼ with x ∼ y in X if both are in the
same orbit under U . It is easy to show that the canonical map φ : X → limU XU
is a homeomorphism, where U runs through the open subgroups of G.
Moreover, we have the following lemma which was proven in [35], Lemma 4.2.
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Lemma 2.18. Let G be a profinite group and X a profinite G-space. Then X has
a decomposition
X = lim
QG∈RG(X)
X/QG
in SˆG as an inverse limit of simplicial finite G-quotient sets where RG(X) denotes
the set of G-invariant simplicial open equivalence relations of X.
The category of profinite G-spaces has a simplicial structure. Let X and Y be
profinite G-spaces. The mapping space map
SˆG
(X,Y ) is defined as the simplicial
set whose set of n-simplices is given as the set of G-equivariant maps
map
SˆG
(X,Y )n = HomSˆG(X ×∆[n], Y )
where ∆[n] has trivial G-action. This defines a functor
map
SˆG
(−,−) : SˆopG × SˆG → S.
Let K be a finite simplicial set, and X a profinite G-space. We consider K as a
profinite G-space with trivial G-action. The tensor object X ⊗K ∈ SˆG is defined
as the product X ×K in SˆG with the diagonal G-action. The function object in
SˆG is defined as the profinite G-space homSˆG(K,X) ∈ SˆG whose set of n-simplices
is given by the profinite set of maps
hom
SˆG
(K,X)n = HomSˆ(K ×∆[n], X)
on which G acts continuously via its continuous action on the target X .
If K is an arbitrary simplicial set, isomorphic to the colimit colimαKα of its finite
simplicial subsets Kα, and X a profinite G-space, the tensor object X ⊗K is the
colimit in SˆG of the profinite G-spaces X ×Kα. The function object homSˆ∗(K,X)
is defined to be the limit in Sˆ∗ of the pointed profinite spaces homSˆ∗(Kα, X).
Let X and Y be profinite G-spaces and let K be a simplicial set. Then mapping
space, tensor and function objects are connected by the natural bijections
map
SˆG
(X ⊗K,Y ) ∼= mapS(K,mapSˆG(X,Y ))
and
map
SˆG
(Y, hom
SˆG
(K,X)) ∼= mapS(K,mapSˆG(X,Y )).
This defines the structure of a simplicial category on Sˆ∗.
In order to get a model structure on SˆG one can find explicit sets of generating
fibrations and trivial fibrations. They arise naturally by considering continuous
G-actions on the corresponding generating sets for the model structure on Sˆ. The
following result was proven in [34].
Theorem 2.19. There is a fibrantly generated left proper simplicial model struc-
ture on the category of profinite G-spaces such that a map f is a weak equivalence
(fibration) in SˆG if and only if its underlying map is a weak equivalence (fibration)
in Sˆ. A map f : X → Y is a cofibration in SˆG if and only if f is a levelwise
injection, and the action of G on Yn− f(Xn) is free for each n ≥ 0. We denote its
homotopy category by HˆG.
Let Sˆ∗G be the category of pointed profinite G-spaces. The objects of Sˆ∗G are
profinite G-spaces that are equipped with a base point that is fixed under G. The
morphism in Sˆ∗G are the morphisms of profinite G-spaces that preserve the base
points. Let X and Y be pointed profinite G-spaces. The smash product X ∧ Y
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is again a pointed profinite G-space on which G acts via the diagonal action. The
mapping space map
Sˆ∗
(X,Y ) is defined as the simplicial set whose set of n-simplices
is given as the set of maps
map
Sˆ∗G
(X,Y )n = HomSˆ∗G(X ∧∆[n]+, Y )
where ∆[n]+ is considered as a pointed profinite G-space with trivial G-action. This
defines a functor
map
Sˆ∗G
(−,−) : Sˆop∗G × Sˆ∗G → S.
LetK be a finite simplicial set and X a pointed profinite Gspace. The tensor object
X ⊗ K ∈ Sˆ∗G is defined as the smash product X ∧ K+ where K+ is considered
as a pointed profinite G-space with trivial G-action. The function object in Sˆ∗G
is defined as the pointed profinite G-space hom
Sˆ∗G
(K,X) ∈ Sˆ∗G whose set of n-
simplices is given by the profinite set of maps
hom
Sˆ∗G
(K,X)n = HomSˆ∗(K+ ∧∆[n]+, X)
on which G acts continuously via its action on the target X .
If K is an arbitrary simplicial set isomorphic to the colimit colimαKα of its finite
simplicial subsets Kα, and X a pointed profinite G-space, we define the tensor
object X ⊗ K to be the colimit in Sˆ∗G of the profinite G-spaces X ∧ Kα. The
function object hom
Sˆ∗G
(K,X) is defined to be the limit in Sˆ∗G of the pointed
profinite G-spaces hom
Sˆ∗G
(Kα, X).
Let X and Y be pointed profinite spaces and let K be a simplicial set. Then
mapping space, tensor and function objects are connected by the natural bijections
map
Sˆ∗G
(X ⊗K,Y ) ∼= mapS(K,mapSˆ∗G(X,Y ))
and
map
Sˆ∗G
(Y, hom
Sˆ∗G
(K,X)) ∼= mapS(K,mapSˆ∗G(X,Y )).
Again, if the finite simplicial set K is already equipped with a base point and X
is a pointed profinite G-space, we also denote by hom
Sˆ∗G
(K,X) ∈ Sˆ∗G the pointed
profinite G-space whose set of n-simplices is given by the profinite set of maps
hom
Sˆ∗G
(K,X)n = HomSˆ∗(K ∧∆[n]+, X) = limα
Hom
Sˆ∗
(Kα ∧∆[n]+, X)
on which G acts continuously via its action on the target.
Example 2.20. We consider the simplicial circle S1 as a pointed simplicial finite
set with trivial G-action. Taking the smash product with S1 defines a functor
Sˆ∗G → Sˆ∗G, X 7→ S
1 ∧ X . It is left adjoint to the functor Sˆ∗G → Sˆ∗G defined
by sending a pointed profinite G-space X to the function object hom
Sˆ∗G
(S1, X) in
Sˆ∗G. In particular, the profinite loop space ΩX inherits form X the structure as a
pointed profinite G-space.
As in the nonequivariant case, the category of pointed profinite G-spaces inherits
a model structure from SˆG, since Sˆ∗G is an under-category of SˆG.
Theorem 2.21. The category Sˆ∗G has the structure of a fibrantly generated left
proper simplicial model category for which a map is a weak equivalence (cofibra-
tion, fibration) if and only if its underlying unpointed map is a weak equivalence
(cofibration, fibration) in SˆG. We denote the homotopy category by Hˆ∗G.
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Remark 2.22. Let X be a cofibrant pointed profinite G-space. As discussed in
Remark 2.7, the pointed profinite G-space X ∧∆[1]+ is a cylinder object for X in
Sˆ∗G. For the maps X → X ∧ ∆[1]+ are trivial cofibrations in Sˆ∗G, and the map
X ∧∆[1]+ → X is a weak equivalence in Sˆ∗G. Hence if X is a cofibrant profinite
G-space and Y is a fibrant pointed profinite G-space, there is a natural bijection
pi0mapSˆ∗G(X,Y )
∼= HomHˆ∗G(X,Y ).
Since weak equivalences and fibrations in SˆG are determined by their underlying
maps in Sˆ, one can hope that the fibrant replacement functor constructed for Sˆ
above also yields a fibrant replacement in SˆG. In fact, this is the case. The point
is that the loop groups and loop groupoids are free. If G acts continuously on a
profinite set S, then G also acts continuously on the free profinite group on this set.
Hence the construction of the fibrant replacement functor in SˆG is the same as for
Sˆ. We just use Lemma 2.18 above to decompose a profinite G-space X into a limit
of simplicial finite G-sets. With a suitable notion of continuous group action on a
groupoid we obtain a G-equivariant fibrant replacement in SˆG (for more details see
[35], §4.4).
Since we will be working with pointed profinite G-spaces, we would also like to
have a fibrant replacement in Sˆ∗G. For a pointed profinite G-space X ∈ Sˆ∗G,
the basepoint p : ∗ → X and the decomposition of X as a limit X limQG X/QG
as pointed simplicial finite G-sets provides each X/QG with a choice of basepoint
which is compatible in the system {X/QG}. Then [35], Theorem 4.12, implies the
following pointed version.
Theorem 2.23. Let G be a profinite group and let X be a pointed profinite G-space.
The map
η : X → W¯ ΓˆX = lim
QG∈RG(X)
W¯ Γˆ(X/QG)
is a weak equivalence in Sˆ∗G. The pointed profinite G-space W¯ ΓˆX is fibrant in
Sˆ∗G. Hence η defines a functorial fibrant replacement in Sˆ∗G. Moreover, X is
weakly equivalent in Sˆ∗G to a limit of simplicial finite G-sets which are fibrant in
Sˆ∗G
X ≃ lim
QG,U
W¯ (Γ(X/QG))/U.
2.10. Homotopy groups of pointed profinite G-spaces.
Definition 2.24. Let X be a pointed profinite G-space and let RGX be a fibrant
replacement of X in the model structure on Sˆ∗G. Then we define the nth profinite
homotopy group of X for n ≥ 2 to be the group
pin(X) := pi0(Ω
n(RGX)).
Remark 2.25. Let X be a pointed profinite G-space. Since weak equivalences
and fibrations in Sˆ∗G are determined by the underlying maps in Sˆ∗, the underlying
homotopy groups of X of Definition 2.24 coincide with the homotopy groups of
Definition 2.8 of X after forgetting the G-action on X . Moreover, the homotopy
groups of Definition 2.24 coincide with the homotopy groups of the underlying
fibrant pointed simplicial set |RGX |.
Proposition 2.26. Let X be a pointed profinite G-space. The set of connected
components of X is a profinite G-set. The profinite fundamental group of X is a
profinite G-group. The nth homotopy group of X is a profinite G-module for n ≥ 2.
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Proof. Let RG be the functorial fibrant replacement functor of Theorem 2.23. Since
RGX is the limit limβ(RGX)β of simplicial finite G-sets which are fibrant in Sˆ∗G,
we obtain that
hom
Sˆ∗G
(S1, RGX) = homSˆ∗G(S
1, lim
β
(RGX)β) = lim
β
hom
Sˆ∗G
(S1, (RGX)β)
is a cofiltered limit of fibrant simplicial finite G-sets. Moreover, the underly-
ing profinite space of hom
Sˆ∗G
(S1, RGX) is equal to the fibrant profinite space
hom
Sˆ∗
(S1, RGX). Hence in order to prove the assertion, it suffices by Proposi-
tion 2.11 to show the assertions for a simplicial finite G-set which is fibrant in Sˆ∗G.
So we can assume that X is a simplicial finite G-set which is fibrant in Sˆ∗G. The
set X0 of 0-simplices and the set X1 of 1-simplices of X are finite discrete G-sets.
Hence they can be written as colimits of the fixed points under the open subgroups
of G, i.e.
X0 = colim
U
XU0 , X1 = colim
U
XU1
where U runs through the open subgroups of G. The set pi0X of connected com-
ponents is defined as the colimit of the diagram
X1
d0

d1 // X0

X0 // pi0X.
Since pi0 commutes with filtered colimits, we also get pi0X = colimU pi0(X
U ). Since
X is a fibrant simplicial finite set and since the fixed points can be viewed as a
cofiltered limit, Proposition 2.11 shows that we have pi0(X
U ) ∼= (pi0X)
U . Hence we
obtain
pi0X = colim
U
(pi0X)
U ,
i.e. that G acts continuously on the finite discrete set pi0X . Since homSˆ∗G(S
1, X) is
a fibrant simplicial finite G-set if X is a fibrant simplicial finite G-set, the assertions
on the fundamental group and the higher homotopy groups follow from the result
on pi0. 
2.11. Homotopy limits of pointed profinite G-spaces. Homotopy limits of
diagrams of pointed profinite G-spaces can be constructed in the same way as for
pointed profinite spaces. Let I be a small category and let X(−) : I → Sˆ∗G be
a functor from I to pointed profinite G-spaces. We define the pointed profinite
G-space hom
Sˆ∗G
(B(I/−), X(−)) as the equalizer in Sˆ∗G of the diagram of pointed
profinite G-spaces∏
i∈I
hom
Sˆ∗G
(B(I/i), X(i))⇒
∏
α:i→i′∈I
hom
Sˆ∗G
(B(I/i), X(i′)).
Definition 2.27. Let I be small category and X(−) : I → Sˆ∗G be a functor. The
homotopy limit of X(−) is defined to be the pointed profinite G-space
holim
i∈I
X(i) := hom
Sˆ∗G
(B(I/−), X(−)).
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Lemma 2.28. Let X(−) be a functor from a small category I to pointed profinite
G-spaces. If X(i) is fibrant for every i ∈ I, then holimi∈I X(i) is fibrant in Sˆ∗G.
Let f(−) : X(−) → Y (−) be a natural transformation of functors from the small
category I to the full subcategory of fibrant pointed profinite G-spaces. Let
f := holim
i∈I
f(i) : holim
i∈I
X(i)→ holim
i∈I
Y (i)
be the induced map on homotopy limits. If f(i) : X(i)→ Y (i) is a weak equivalence
in Sˆ∗G for every i ∈ I, then f is a weak equivalence in Sˆ∗G.
Proof. As for pointed profinite spaces, this follows from [20], Theorems 19.4.1 and
Theorem 19.4.2. 
Lemma 2.29. Let X(−) : I → Sˆ∗G be a small cofiltering diagram such that each
X(i) is connected and fibrant in Sˆ∗G. Then the natural isomorphism of homotopy
groups of underlying simplicial sets
piq(| holim
i∈I
X(i)|) ∼= lim
i∈I
piq(|X(i)|)
of Lemma 2.14 is an isomorphism of profinite G-groups for q ≥ 0.
Proof. The construction of the spectral sequence computing the homotopy groups
of the homotopy limit is functorial. Hence the isomorphism of Lemma 2.14 for the
underlying diagram of pointed profinite spaces is in fact a G-equivariant isomor-
phism of profinite G-groups. 
2.12. A concrete equivariant profinite replacement. In this section we dis-
cuss a functor that sends certainG-spaces to profinite G-spaces. We call a simplicial
set X a G-space, if X is a simplicial object in the category of G-sets for the abstract
underlying group of G. In order to simplify the argument and in order to make the
construction more concrete we will make two assumptions, on the one hand that
the profinite group G is strongly complete and on the other hand that the spaces
have finite homotopy groups.
A profinite group G is called strongly complete in [39], if every subgroup of finite
index is open in G, or, in other words, if G = Gˆ as profinite groups. The profinite
completion of an abstract group is itself strongly complete. But in general there are
subgroups of finite index which are not open in the given topology. The significance
of this property for us, is that for a strongly complete profinite group G, every finite
set S with a G-action is a continuous discrete G-set.
Serre conjectured that every topologically finitely generated profinite group G is
strongly complete, where topologically finitely generated means that G contains a
dense subgroup which is finitely generated as a group. He showed this conjecture
for finitely generated pro-p-groups. Recently, Nikolov and Segal proved the full
conjecture for every finitely generated profinite group in [31]. The proof relies on
the classification of finite simple groups. The most important examples for us are
provided by the extended Morava stabilizer group Gn and all of its closed sub-
groups. For Gn is a finitely generated profinite group and hence strongly complete.
The following lemma is an equivariant version of Lemma 2.16 which is of funda-
mental importance for this paper.
Lemma 2.30. Let G be a strongly complete profinite group and X be a connected
simple pointed G-space whose homotopy groups are all finite. Then there is a sim-
plicial finite G-set FGX which is a fibrant object in Sˆ∗G and a natural G-equivariant
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pointed map ϕ : X → FGX which is a weak equivalence of underlying simplicial
sets. In particular, it induces an isomorphism pi∗X ∼= pi∗FGX of homotopy groups
of the underlying simplicial sets.
The assignment X 7→ FGX is functorial in the sense that given a map h : X → Y
between connected simple pointed simplicial G-sets with finite homotopy groups,
there is a map F (h) in Sˆ∗G such that the following diagram of underlying simplicial
G-sets commutes
X

h // Y

FGX
F (h)
// FGY.
Proof. Let X → X ′ be a functorial fibrant replacement in S∗. The map X → X
′ is
G-equivariant and a weak equivalence of underlying simplicial sets. Hence we can
assume that the underlying simplicial set of X is a fibrant object in S∗.
Let pin := pinX be the nth finite homotopy group of X . Since X is a G-space, each
pin is a G-module. Moreover, since G is strongly complete, G acts continuously on
each finite discrete group pin. We define the profinite G-space FGX again as the
limit in Sˆ∗G of a specific Postnikov tower {X(n)}n≥1 of X . Let cosknX ∈ S∗ be the
nth coskeleton of X . Since coskn is a functor, the space cosknX is a simplicial G-set
and the associated natural pointed maps X → cosknX and cosknX → coskn−1X
are G-equivariant for each n ≥ 0. Moreover, the map cosknX → coskn−1X sits in
a homotopy pullback square of G-equivariant maps
(8) cosknX

// WK(pin, n)
qn

coskn−1X
kGn
// K(pin, n+ 1).
The map kGn is the G-equivariant k-invariant defined by a class
[kGn ] ∈ H
n+1
G (coskn−1X ;pin)
in the G-equivariant cohomology of coskn−1X (see e.g. [16], p. 207-208).
Now we define profinite G-spaces X(n) together with G-equivariant pointed maps
jn : cosknX → X(n) which are weak equivalences of underlying pointed simplicial
sets. For n = 1, we define X(1) := Bpi1X . It is a pointed simplicial finite G-set
and a fibrant object in Sˆ∗G. Choosing any G-equivariant map cosk1X → Bpi1X
which is a weak equivalence of simplicial sets provides a map j1 : cosk1X → X(1).
(This G-equivariant choice is possible, since the category of simplicial G-sets, for
the underlying abstract group of G, can be equipped with a model structure in
which weak equivalences and fibrations are determined by their underlying non-
equivariant maps.)
For n ≥ 2, assume we are given X(n− 1) and a map jn−1 : coskn−1 → X(n− 1).
Up to G-equivariant homotopy there is a factorization in the category of pointed
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simplicial G-sets
coskn−1X
kGn

jn−1
// X(n− 1)
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
K(pin, n+ 1).
The space X(n) and the map X(n)→ X(n− 1) is then defined as the pullback of
the diagram of simplicial finite G-sets
(9) X(n)

// WK(pin, n)
qn

X(n− 1)
kn
// K(pin, n+ 1).
Since pin is a finite G-module, the spacesK(pin, n+1) andWK(pin, n) are simplicial
finite G-sets. Moreover, since G is strongly complete, the action of G on all the
finite sets involved is continuous and the map
qn :WK(pin, n)→ K(pin, n+ 1)
is a fibration in Sˆ∗G by Theorem 2.21, and [35] Proposition 3.7. Hence the pullback
of (9) can be constructed in Sˆ∗G and X(n) is a simplicial finite discrete G-set which
is a fibrant object in Sˆ∗G. Since the map
cosknX →WK(pin, n)×K(pin,n+1) coskn−1X
is a weak equivalence, we obtain an induced weak equivalence jn : cosknX → X(n)
of underlying simplicial sets. Now we can define FGX to be the limit
FGX := lim
n
X(n).
Since the finite discrete G-set of m-simplices of X(n) is isomorphic to the finite
discrete G-set of m-simplices of X(n − 1) for m ≤ n − 1, FGX is a simplicial ob-
ject of finite discrete G-sets. Moreover, FGX is a fibrant object in Sˆ∗G, since it
is the limit of a tower of fibrations in Sˆ∗G. Furthermore, since the G-equivariant
maps X → limn cosknX and limn cosknX → limnX(n) are weak equivalences of
underlying simplicial sets, the associated map ϕ : X → FGX , which is functorial
and hence G-equivariant, is a weak equivalence of underlying simplicial sets. In
particular, it induces an isomorphism pi∗X ∼= pi∗FGX .
The functoriality follows as in the non-equivariant case from the fact that all con-
structions used to define FGX are functorial. 
As in the non-equivariant case, we have to know how FG behaves with respect to
taking loop spaces.
Lemma 2.31. Let G be a strongly complete profinite group.
(a) Let X and Y be connected simple pointed simplicial G-sets with finite homotopy
groups and let f : X → Y be a G-equivariant map that is a weak equivalence of un-
derlying pointed simplicial sets. Then the induced map FG(f) is a weak equivalence
in Sˆ∗G.
(b) Let W be a connected simple pointed simplicial G-set with finite homotopy
groups. Then there is a natural weak equivalence FG(ΩX)
∼
→ Ω(FGX) in Sˆ∗G.
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(c) If V → ΩW is a G-equivariant map between connected simple pointed simpli-
cial G-sets with finite homotopy groups which is a weak equivalence of underlying
simplicial sets, then the composite map FGV → FG(ΩW ) → Ω(FGW ) is a weak
equivalence in Sˆ∗G.
Proof. Since weak equivalences in Sˆ∗G are determined by their underlying maps
in Sˆ∗, the lemma follows from the corresponding results in Lemma 2.17 and the
construction of FG. 
3. Profinite G-spectra
3.1. Profinite spectra. Now we want to stabilize the model structure of profinite
spaces. Since the simplicial circle S1 = ∆1/∂∆1 is a simplicial finite set and hence
an object in Sˆ∗, we may stabilize Sˆ∗ by considering sequences of pointed profinite
spaces together with connecting maps for the suspension.
Definition 3.1. A profinite spectrum X consists of a sequence of pointed profinite
spaces Xn ∈ Sˆ∗ and maps σn : S
1 ∧ Xn → Xn+1 in Sˆ∗ for n ≥ 0. A morphism
f : X → Y of profinite spectra consists of maps fn : Xn → Yn in Sˆ∗ for n ≥ 0
such that σn(1∧ fn) = fn+1σn. We denote by Sp(Sˆ∗) the corresponding category of
profinite spectra.
As for profinite spaces, the word “profinite” in the term “profinite spectrum” does
not mean that we look at inverse systems of finite spectra in the usual sense. In-
stead we look at spectra that are built out of simplicial profinite sets.
The category of profinite spectra is a simplicial category. Let X and Y be profinite
spectra. The mapping space mapSp(Sˆ∗)(X,Y ) is defined as the simplicial set whose
set of n-simplices is given as the set of maps
mapSp(Sˆ∗)(X,Y )n = HomSp(Sˆ∗)(X ∧∆[n]+, Y )
where X ∧∆[n]+ is the levelwise smash product of X with the pointed simplicial
finite set ∆[1]+. This defines a functor
mapSp(Sˆ∗)(−,−) : Sp(Sˆ∗)
op × Sp(Sˆ∗)→ S.
Let K be a simplicial set, and X a profinite spectrum. The tensor object X ⊗K ∈
Sp(Sˆ∗) is defined as the spectrum whose nth pointed profinite space isXn∧K+. The
function object in Sp(Sˆ∗) is defined as the profinite spectrum homSp(Sˆ∗)(K,X) ∈
Sp(Sˆ∗) whose nth pointed profinite space is given by
(homSp(Sˆ∗)(K,X))n = homSˆ∗(K,Xn).
Recall that the structure S1 ∧Xn → Xn+1 is determined by its adjoint
Xn → ΩXn+1.
Hence the structure map of homSp(Sˆ∗)(K,X) is determined by the map
hom
Sˆ∗
(K,Xn)→ homSˆ∗(K,ΩXn+1)
∼= Ω(homSˆ∗(K,Xn+1))
given by adjunction (3).
Let X and Y be profinite spectra and let K be a simplicial set. We have the natural
bijections
mapSp(Sˆ∗)(X ⊗K,Y )
∼= mapS(K,mapSp(Sˆ∗)(X,Y ))
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and
mapSp(Sˆ∗)(Y, homSp(Sˆ∗)(K,X))
∼= mapS(K,mapSp(Sˆ∗)(X,Y )).
If the simplicial set K is already equipped with a base point and X is a profi-
nite spectrum, we also denote by homSp(Sˆ∗)(K,X) ∈ Sp(Sˆ∗) the profinite spectrum
whose nth space is hom
Sˆ∗
(K,Xn).
Observing that the functor Sp(Sˆ∗) → Sp(Sˆ∗), X 7→ S
1 ∧X is a left Quillen endo-
functor, the stable model structure on Sp(Sˆ∗) is constructed as in [32] in two steps
as a dual version of the stabilization techniques in [23]. First we need a projective
model structure.
Definition 3.2. A map f in Sp(Sˆ∗) is a projective weak equivalence (projective
fibration) if each map fn is a weak equivalence (fibration) in Sˆ∗. A map i is a
projective cofibration if it has the left lifting property with respect to all projective
trivial fibrations.
The following proposition is proved as in [23], Proposition 1.14.
Proposition 3.3. A map i : A→ B in Sp(Sˆ∗) is a projective (trivial) cofibration
if and only if i0 : A0 → B0 and the induced maps jn : An∐S1∧An−1 S
1∧Bn−1 → Bn
for n ≥ 1 are (trivial) cofibrations in Sˆ∗.
Proposition 3.4. The projective weak equivalences, projective fibrations and pro-
jective cofibrations define a left proper fibrantly generated simplicial model structure
on Sp(Sˆ∗).
Proof. That we obtain a left proper fibrantly generated model structure can be
proven in essentially the same way as Theorem 1.13 in [23]. In order to show the
factorization axiom one uses a cosmall object argument and the fact that Sˆ∗ is
fibrantly generated. It remains to prove that this model structure is simplicial. We
have defined mappings spaces and tensor and cotensor objects for Sp(Sˆ∗) above.
Let i : A→ B be a cofibration of finite simplicial sets and p : X → Y a projective
fibration in Sp(Sˆ∗). We have to show that the induced map
(i∗, p∗) : homSp(Sˆ∗)(B,X)→ homSp(Sˆ∗)(A,X)×homSp(Sˆ∗)(A,Y )
homSp(Sˆ∗)(B, Y )
is a projective fibration in Sp(Sˆ∗), which is trivial if either i or p is trivial. For
n ≥ 0, the nth map (i∗, p∗)n is given by the map of pointed profinite spaces
(i∗, pn∗) : homSˆ∗(B,Xn)→ homSˆ∗(A,Xn)×homSˆ∗ (A,Yn) homSˆ∗(B, Yn).
The model structure on Sˆ∗ is simplicial. This implies that (i
∗, pn∗) is a fibration,
since i is a cofibration and pn is a fibration. Moreover, (i
∗, pn∗) is a weak equivalence
if either i or pn is a weak equivalence. Since projective weak equivalences and
projective fibrations are determined levelwise, this shows that (i∗, p∗) is a projective
fibration which is a trivial projective fibration if either i or p is trivial. 
In the second step we enlarge the class of weak equivalences by localizing the pro-
jective model structure further.
Definition 3.5. A profinite spectrum E ∈ Sp(Sˆ∗) is called an Ω-spectrum if each
En is fibrant in Sˆ∗ and the adjoint structure maps
En → ΩEn+1 = homSˆ∗(S
1, En+1)
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are weak equivalences in Sˆ∗ for all n ≥ 0.
A map f : X → Y of profinite spectra is called
• a (stable) equivalence if it induces a weak equivalence of mapping spaces
mapSp(Sˆ∗)(Y,E)→ mapSp(Sˆ∗)(X,E)
for all Ω-spectra E;
• a (stable) cofibration if and only if it is a projective cofibration;
• a (stable) fibration if it has the right lifting property with respect to all maps
that are stable equivalences and stable cofibrations.
The following result was shown in [33], Theorem 2.36. The proof is based on the
dual of the general stabilization machinery for model structures by Hovey [23] and
the localization for fibrantly generated simplicial model structures in [32], Theorem
6 (see also [32], Theorem 14).
Theorem 3.6. The classes of stable equivalences, stable fibrations and stable cofi-
brations define a stable simplicial model structure on profinite spectra. The fibrant
objects in Sp(Sˆ∗) are exactly the Ω-spectra. We denote the corresponding homotopy
category by ˆSH. In particular, the functor S1 ∧ · : ˆSH → ˆSH is an equivalence of
categories.
Let Sp(S∗) be the stable model category of Bousfield-Friedlander spectra of [3].
Proposition 3.7. The levelwise profinite completion functor
(ˆ·) : Sp(S∗)→ Sp(Sˆ∗)
preserves stable cofibrations and stable equivalences. The forgetful functor
| · | : Sp(Sˆ∗)→ Sp(S∗)
preserves fibrations and weak equivalences between fibrant objects. In particular, (ˆ·)
induces a functor on the homotopy categories and the pair ((ˆ·), | · |) is a Quillen pair
of adjoint functors.
Proof. Let i : A→ B be a cofibration in Sp(S∗). Since (ˆ·) : S∗ → Sˆ∗ preserves cofi-
brations and pushouts as a left Quillen functor, the maps iˆ0 and jˆn are cofibrations
in Sˆ∗. Hence iˆ is a cofibration in Sp(Sˆ∗).
Let Y be a pointed profinite space. As a right adjoint the forgetful functor for
pointed profinite spaces | · | : Sˆ∗ → S∗ commutes with cotensors. Hence we have
| hom
Sˆ∗
(S1, Y )| = homS∗(S
1, |Y |).
Moreover, | · | : Sˆ∗ → S∗ sends fibrant pointed profinite spaces to fibrant pointed
spaces and preserves weak equivalences between fibrant objects. Hence if E is an
Ω-spectrum in Sp(Sˆ∗), then |E| is an Ω-spectrum in Sp(S∗).
Let f : X → Y be a stable equivalence in Sp(S∗) and let E be an Ω-spectrum in
Sp(Sˆ∗). Since profinite completion is left adjoint to the forgetful functor we get a
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commutative diagram of simplicial sets
(10) mapSp(Sˆ∗)(Yˆ , E)
//
∼=

mapSp(Sˆ∗)(Xˆ, E)
∼=

mapSp(S∗)(Y, |E|)
// mapSp(S∗)(X, |E|)
whose vertical maps are isomorphisms. Since the map f is a stable equivalence in
Sp(S∗) it induces a weak equivalence of mapping spaces
mapSp(S∗)(Y, F )→ mapSp(S∗)(X,F )
for every Ω-spectrum F in Sp(S∗). (This follows for example from [23], Corollary
3.5.) Since |E| is an Ω-spectrum in Sp(S∗), this shows that the lower horizontal map
in (10) is a weak equivalence. Since the vertical maps are isomorphisms, this implies
that the upper horizontal map in (10) is a weak equivalence as well. Since this holds
for every Ω-spectrum E in Sp(Sˆ∗), the map fˆ is a stable equivalence in Sp(Sˆ∗). This
finishes the proof that profinite completion preserves stable cofibrations and stable
equivalences. Since the forgetful functor is the right adjoint of profinite completion,
this implies that | · | preserves fibrations and stable equivalences between fibrant
objects. 
3.2. Homotopy groups of profinite spectra. For a positive integer k ≥ 0,
there is an evaluation functor Evk : Sp(Sˆ∗) → Sˆ∗, X 7→ Xk, sending a profinite
spectrum X to its kth pointed profinite space Xk. It is a right Quillen functor
for the stable model structure on Sp(Sˆ∗). Its left Quillen adjoint is the functor
Σk(−) : Sˆ∗ → Sp(S∗) defined by (Σ
kY )m = S
m−kY if m ≥ k and (ΣkY )m = ∗
otherwise, where Sm−kY denotes the pointed profinite space obtained by smashing
the pointed profinite space Y (m− k)-times with S1.
Let S0 be the discrete pointed simplicial finite set generated by two points as 0-
simplices one of which is the basepoint. We define the sphere spectrum S0 to be
the profinite spectrum Σ0(S0) whose mth pointed profinite space is Sm, i.e. S1
smashed with itself m-times.
For a negative integer n < 0, we define the nth suspension Sn of the sphere spectrum
to be the profinite spectrum Σ−n(S0). Its mth space is Sm+n if m ≥ −n and just
a point otherwise.
For a positive integer n > 0, we define the nth suspension Sn of the sphere spectrum
to be the profinite spectrum Σ0(Sn) whose mth space is Sm+n for every m ≥ 0.
Via the model structure of Theorem 3.6 we can define homotopy groups of a profinite
spectrum X . Let RX denote a functorial fibrant replacement of X in the stable
model structure on Sp(Sˆ∗) and, for an integer n, let S
n be the nth suspension of
the sphere spectrum. We define pinX to be the group
pinX := HomSˆH(S
n, RX).
Proposition 3.8. (a) Let X be a fibrant profinite spectrum, i.e. an Ω-spectrum in
Sp(Sˆ∗), and n ∈ Z. Let k ≥ 0 be any natural number such that n + k ≥ 0. Then
there is a natural isomorphism of groups
pinX ∼= pin+kXk
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where pin+kXk denotes the profinite homotopy group of the kth pointed profinite
space of X.
(b) The homotopy groups of a fibrant profinite spectrum X are isomorphic to the
homotopy groups of the underlying Ω-spectrum |X | in Sp(S∗).
(c) The homotopy groups of every spectrum are abelian profinite groups.
Proof. (a) If n ≥ 0, then the Quillen adjoint pair (Σ0,Ev0) yields a natural isomor-
phism
pinX = HomSˆH(S
n, X) = Hom ˆSH(Σ
0(Sn), X) ∼= HomHˆ∗(S
n, X0).
The right hand side is naturally isomorphic to pi0(Ω
n(X0)) = pin(X0). Since the
maps X0 → Ω
k(Xk) are weak equivalences of fibrant objects in Sˆ∗ for every k ≥ 0,
this proves the assertion for n ≥ 0.
For n < 0, the Quillen adjoint pair (Σ−n,Ev−n) yields a natural isomorphism
pinX = HomSˆH(S
n, X) = Hom
SˆH
(Σ−n(S0), X) ∼= HomHˆ∗(S
0, X−n).
The right hand side is naturally isomorphic to pi0(X−n). Reindexing and using
the fact that X is an Ω-spectrum gives pinX = pin+k(Xk) for any k ≥ 0 such that
n+ k ≥ 0. This finishes the proof of (a).
(b) Since the underlying spectrum |X | is an Ω-spectrum in Sp(S∗), the nth homo-
topy group of |X | is given by the abelian group pin+k(|Xk|) for any k ≥ 0 such that
n+ k ≥ 0. By Lemma 2.9, there is a natural isomorphism
pin+k(|Xk|) ∼= pin+k(Xk).
The assertion now follows from (a).
(c) This follows from the fact that the homotopy groups of a profinite space are
profinite groups and that Ω2Y is an abelian group object for any pointed profinite
space Y . 
We can also define generalized cohomology groups with coefficients in profinite
spectra. Let X be a fibrant profinite spectrum and let Z be a spectrum in Sp(S∗).
The spectrum Z is isomorphic to a colimit of suspended sphere spectra Snα for
integers nα ∈ Z indexed by a filtered category. We define the kth generalized
cohomology group of Z with coefficients in X to be the limit
(11) XkZ := lim
α
Hom ˆSH(S
nα , X [k])
where X [k] denotes the Ω-spectrum in Sp(Sˆ∗) whose mth space is Xm−k for m ≥ k
and a point otherwise. Since each abelian group Hom
SˆH
(Snα , X [k]) = pinα(X [k])
carries a profinite structure by Lemma 3.8, we deduce that the group XkZ is also
a profinite abelian group.
Moreover, since each space in the sphere spectrum Sn is a pointed simplicial finite
set for any integer n, the Quillen adjunction of Proposition 3.7 between profinite
completion and the forgetful functor yields a natural isomorphism of abelian groups
Hom
SˆH
(Sn, X) ∼= HomSH(S
n, |X |).
Hence the kth generalized cohomology group of Z with coefficients in the profi-
nite spectrum X coincides with the kth generalized cohomology group of Z with
coefficients in the underlying Ω-spectrum |X | in Sp(S∗), i.e. there is a natural
isomorphism
(12) XkZ = lim
α
Hom
SˆH
(Snα , X [k]) ∼= lim
α
HomSH(S
nα , |X [k]|) ∼= |X |kZ.
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3.3. Homotopy limits of profinite spectra. Let I be a small category and let
X(−) be a functor from I to the full subcategory of Ω-spectra in Sp(Sˆ∗). For each
n ≥ 0 and each i ∈ I, we have a fibrant pointed profinite space Xn(i) := X(i)n. So
for every n ≥ 0, this defines an I-diagramXn(−) of fibrant pointed profinite spaces.
The homotopy limit holimi∈I Xn(i) in Sˆ∗ is again a fibrant pointed profinite space
by Lemma 2.13. Since the homotopy limit is defined using cotensors, there is a
natural isomorphism
holim
i∈I
Ω(Xn(i)) ∼= Ω(holim
i∈I
Xn(i)).
Since each X(i) is an Ω-spectrum in Sp(Sˆ∗) and since holimi∈I preserves weak
equivalences between fibrant objects by Lemma 2.13, for each n ≥ 0 we obtain a
weak equivalence in Sˆ∗
holim
i∈I
Xn(i)
∼
→ holim
i∈I
ΩXn(i) ∼= Ωholim
i∈I
Xn(i).
Hence together with these structure maps the sequence of fibrant pointed profi-
nite spaces holimi∈I Xn(i) defines an Ω-spectrum in Sp(Sˆ∗) that we denote by
holimi∈I X(i) and call the homotopy limit of the diagram X(−) (see [46], §5, for
the analogous story for Sp(S∗)).
Lemma 3.9. Let X(−) → Y (−) be a natural transformation of functors from a
small category I to the full subcategory of Ω-spectra in Sp(Sˆ∗). The induced map
holim
i∈I
X(i)→ holim
i∈I
Y (i)
is an equivalence of Ω-spectra in Sp(Sˆ∗).
Proof. We already know that holim sends a small diagram of Ω-spectra in Sp(Sˆ∗)
to an Ω-spectrum in Sp(Sˆ∗). Since holim is constructed termwise and since stable
equivalences between Ω-spectra are exactly the projective equivalences in Sp(Sˆ∗),
the assertion follows from the corresponding result Lemma 2.13 for Sˆ∗. 
Lemma 3.10. Let X(−) : I → Sp(Sˆ∗) be a small cofiltering diagram of Ω-spectra
in Sp(Sˆ∗). There is a natural isomorphism of homotopy groups of underlying spectra
for every q ∈ Z
piq(| holim
i∈I
X(i)|) ∼= lim
i∈I
piq(|X(i)|).
Proof. Since the profinite spectrum holimi∈I X(i) is constructed levelwise and is
an Ω-spectrum in Sp(Sˆ∗), the assertion follows from Proposition 3.8 and Lemma
2.14. 
3.4. Spectra with finite homotopy groups. The functors given by taking profi-
nite completion of spectra and taking profinite completion of abelian groups are
related to each other in a similar way as the corresponding profinite completion
functor for spaces. For the purpose of this paper, the following concrete result will
be sufficient.
Theorem 3.11. Let X ∈ Sp(S∗) be a spectrum whose homotopy groups are all
finite groups. Then there is a natural map
X → F sX
CONTINUOUS HOMOTOPY FIXED POINTS FOR LUBIN-TATE SPECTRA 31
of spectra from X to a profinite spectrum F sX built of simplicial finite sets such
that F sX is fibrant in Sp(Sˆ∗) and X → F
sX is a stable equivalence of underlying
spectra. In particular, it induces an isomorphism pi∗X ∼= pi∗|F
sX | of homotopy
groups of underlying spectra.
The assignment X 7→ F sX is functorial in the sense that given a map g : X → Y
between spectra with finite homotopy groups, there is a map F s(g) in Sp(Sˆ∗) such
that the following diagram of underlying spectra commutes
X

g
// Y

F sX
F s(g)
// F sY.
Proof. Let X be a spectrum whose homotopy groups are finite. We can assume
that X is an Ω-spectrum in Sp(S∗), i.e. that each pointed space Xn is fibrant in S∗
and Xn → Ω(Xn+1) = homS∗(S
1, Xn+1) is a weak equivalence for all n ≥ 0. This
implies for all k ≥ 0
pik(Xn) ∼= pik(Ω(Xn+1)) ∼= pik+1(Xn+1).
The ith stable homotopy group of the spectrum X is given as any of the isomorphic
homotopy groups pii+n(Xn) for positive n such that i+n ≥ 0. Since the homotopy
groups of X are finite, each of the groups pik(Xn) is a finite group for all k, n ≥ 0.
Since X is a spectrum, we can assume that each Xn is a connected simple pointed
space. Hence we can apply the finite replacement F of Lemma 2.16 to each space
Xn and obtain the profinite spectrum F
sX . By Lemma 2.17, the induced maps
FXn → Ω(FXn+1)
are weak equivalences in Sˆ∗. Since each FXn is fibrant in Sˆ∗, this implies that
the levelwise fibrant profinite spectrum F sX is already an Ω-spectrum in Sp(Sˆ∗).
Furthermore, the ith stable homotopy group of the profinite spectrum F sX is given
by any of the isomorphic finite groups
pii+n(FXn) ∼= pii+n(Xn)
for positive n such that i + n ≥ 0. This shows that the map X → F sX is a weak
equivalence of underlying spectra and induces an isomorphism pi∗X ∼= pi∗F
sX .
Functoriality follows from the functoriality of F in Lemma 2.16. 
3.5. Profinite G-spectra. Now let G be a profinite group. We consider S1 as a
simplicial finite set with trivial G-action.
Definition 3.12. A profinite G-spectrum X is a sequence of pointed profinite G-
spaces {Xn} together with maps S
1 ∧Xn → Xn+1 of pointed profinite G-spaces for
each n ≥ 0. A map of profinite G-spectra X → Y is a collection of maps Xn → Yn
in Sˆ∗G compatible with the structure maps of X and Y . We denote the category of
profinite G-spectra by Sp(Sˆ∗G).
In [34] a slightly different notion of profinite G-spectra was introduced by using a
cofibrant replacement of S1 in Sˆ∗G. This notion turns out to be less appropriate
for our purposes. Therefore, we consider Definition 3.12 as the correct notion of
profinite G-spectra.
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The category of profinite G-spectra is a simplicial category. Let X and Y be profi-
nite G-spectra. The mapping space mapSp(Sˆ∗G)(X,Y ) is defined as the simplicial
set whose set of n-simplices is given as the set of maps
mapSp(Sˆ∗G)(X,Y )n = HomSp(Sˆ∗G)(X ∧∆[n]+, Y )
where ∆[n]+ is considered as a simplicial finite G-set with trivial G-action. This
defines a functor
mapSp(Sˆ∗G)(−,−) : Sp(Sˆ∗G)
op × Sp(Sˆ∗G)→ S.
Let K be a simplicial set and X a profinite G-spectrum. The tensor object X ⊗
K ∈ Sp(Sˆ∗G) is defined as the profinite G-spectrum whose nth pointed profinite
G-space Xn ∧ K+ where we consider K+ as a pointed simplicial set with trivial
G-action. The function object in Sp(Sˆ∗G) is defined as the profinite spectrum
homSp(Sˆ∗G)(K,X) ∈ Sp(Sˆ∗G) whose nth pointed profinite G-space is given by
(homSp(Sˆ∗G)(K,X))n = homSˆ∗G(K,Xn).
The structure map of homSp(Sˆ∗G)(K,X) is determined by the G-equivariant map
hom
Sˆ∗G
(K,Xn)→ homSˆ∗G(K,ΩXn+1)
∼= Ω(homSˆ∗G(K,Xn+1)).
Let X and Y be profinite G-spectra and let K be a simplicial set. We have natural
bijections
mapSp(Sˆ∗G)(X ⊗K,Y )
∼= mapS(K,mapSp(Sˆ∗G)(X,Y ))
and
mapSp(Sˆ∗G)(Y, homSp(Sˆ∗G)(K,X))
∼= mapS(K,mapSp(Sˆ∗G)(X,Y )).
If the simplicial set K is already equipped with a base point and X is a profinite G-
spectrum, we also denote by homSp(Sˆ∗G)(K,X) ∈ Sp(Sˆ∗) the profinite G-spectrum
whose nth space is hom
Sˆ∗G
(K,Xn). As for profinite spectra we would like to
construct a stable model structure on Sp(Sˆ∗G). Therefore, we have to check the
following lemma.
Lemma 3.13. The functor X 7→ S1 ∧X is a left Quillen endofunctor of Sˆ∗G.
Proof. We saw in Example 2.20 that smashing with S1 is a left adjoint functor whose
right adjoint is given by the functor Sˆ∗G → Sˆ∗G, X → ΩX . Since weak equivalences
in Sˆ∗G are determined by the underlying maps in Sˆ∗, it follows that the functor
X 7→ S1 ∧ X from Sˆ∗G to itself preserves weak equivalences. In order to see that
it preserves cofibrations we recall that a map f : X → Y in Sˆ∗G is a cofibration if
and only if f is a levelwise injection and the action of G on Yn − f(Xn) is free for
each n ≥ 0. We know that the smash product preserves levelwise injections. Now
G acts diagonally on the smash product S1 ∧ Y . This implies that if the G-action
is free on Yn − f(Xn), then the G-action on (S
1 ∧ Y )n − (S
1 ∧ f)((S1 ∧ X)n) is
free as well. Hence X 7→ S1 ∧X is a left adjoint endofunctor that preserves weak
equivalences and cofibrations in Sˆ∗G. 
As for profinite spectra, we start with a projective model structure.
Definition 3.14. A map f in Sp(Sˆ∗G) is a projective weak equivalence (projective
fibration) if each map fn is a weak equivalence (fibration) in Sˆ∗G. A map i is a
projective cofibration if it has the left lifting property with respect to all projective
trivial fibrations.
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The following proposition follows again as in [23], Proposition 1.14.
Proposition 3.15. A map i : A→ B in Sp(Sˆ∗G) is a projective (trivial) cofibration
if and only if i0 : A0 → B0 and the induced maps jn : An∐S1∧An−1 S
1∧Bn−1 → Bn
for n ≥ 1 are (trivial) cofibrations in Sˆ∗G.
Proposition 3.16. The projective weak equivalences, projective fibrations and pro-
jective cofibrations define a left proper fibrantly generated simplicial model structure
on Sp(Sˆ∗G).
Proof. That we obtain a left proper fibrantly generated model structure can be
proven in essentially the same way as Theorem 1.13 in [23]. In order to show the
factorization axiom one uses a cosmall object argument and the fact that Sˆ∗G is
fibrantly generated. It remains to prove that this model structure is simplicial. We
have defined tensor and cotensor objects for Sp(Sˆ∗) above. Let i : A → B be a
cofibration of finite simplicial sets and p : X → Y a projective fibration in Sp(Sˆ∗G).
We have to show that the induced map
(i∗, p∗) : homSp(Sˆ∗G)(B,X)→ homSp(Sˆ∗G)(A,X)×homSp(Sˆ∗G)(A,Y )
homSp(Sˆ∗G)(B, Y )
is a projective fibration in Sp(Sˆ∗G), which is trivial if either i or p is trivial. For
n ≥ 0, the nth map (i∗, p∗)n is given by the map of pointed profinite spaces
(i∗, pn∗) : homSˆ∗G(B,Xn)→ homSˆ∗G(A,Xn)×homSˆ∗G (A,Yn)
hom
Sˆ∗G
(B, Yn).
The model structure on Sˆ∗G is simplicial. This implies that (i
∗, pn∗) is a fibration,
since i is a cofibration and pn is a fibration. Moreover, (i
∗, pn∗) is a weak equivalence
if either i or pn is a weak equivalence. Since projective weak equivalences and
projective fibrations are determined levelwise, this shows that (i∗, p∗) is a projective
fibration which is a trivial projective fibration if either i or p is trivial. 
In the second step we enlarge the class of weak equivalences by localizing the pro-
jective model structure.
Definition 3.17. A profinite G-spectrum E ∈ Sp(Sˆ∗G) is called an Ω-spectrum if
each En is fibrant in Sˆ∗G and the adjoint structure maps
En → ΩEn+1 = homSˆ∗G(S
1, En+1)
are weak equivalences in Sˆ∗G for all n ≥ 0. A map f : X → Y of profinite G-spectra
is called
• a (stable) equivalence if it induces a weak equivalence of mapping spaces
mapSp(Sˆ∗G)(Y,E)→ mapSp(Sˆ∗G)(X,E)
for all Ω-spectra E in Sp(Sˆ∗G);
• a (stable) cofibration if and only if it is a projective cofibration;
• a (stable) fibration if it has the right lifting property with respect to all maps
that are stable equivalences and stable cofibrations.
Theorem 3.18. The classes of stable equivalences, fibrations, and cofibrations of
Definition 3.17 provide Sp(Sˆ∗G) with a stable simplicial model structure. The fibrant
profinite G-spectra are exactly the Ω-spectra in Sp(Sˆ∗G). Its underlying profinite
spectra are Ω-spectra in Sp(Sˆ∗). A map in Sp(Sˆ∗G) is a stable equivalence between
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Ω-spectra if and only if it is a projective weak equivalence. We denote its homotopy
category by ˆSHG.
Proof. In order to show that there is a stable model structure on Sp(Sˆ∗G) we apply
again the dual methods of Hovey [23]. We know from Theorem 2.21 that Sˆ∗G
satisfies the necessary properties. From Lemma 3.13 we know that smashing with
S1 is a left Quillen endofunctor on Sp(Sˆ∗G). By Proposition 3.16, we know that the
projective model structure on Sp(Sˆ∗G) is simplicial. By localizing the projective
model structure with respect to the Ω-spectra in Sp(Sˆ∗G), we obtain a stable model
structure on Sp(Sˆ∗G).
The Ω-spectra are the fibrant objects in the stable model structure, since they are
the local objects. Since weak equivalences and fibrations in Sˆ∗G are determined
by their underlying maps in Sˆ∗, this shows that the fibrant objects in Sp(Sˆ∗G) are
exactly the profinite G-spectra whose underlying spectrum is fibrant in Sp(Sˆ∗).
The assertion on stable equivalences between Ω-spectra in Sp(Sˆ∗G) follows from the
general theory of Bousfield localizations. 
Corollary 3.19. Let K be a closed subgroup of the profinite group G. If X is an
Ω-spectrum in Sp(Sˆ∗G), then its restriction to a profinite K-spectrum is also an
Ω-spectrum in Sp(Sˆ∗K).
Proof. Since weak equivalences and fibrations for Sˆ∗G and Sˆ∗K are determined
by their underlying maps in Sˆ∗, the assertion follows from the definition of an
Ω-spectrum. 
Proposition 3.20. (1) The forgetful functor Sp(Sˆ∗G) → Sp(Sˆ∗) sends Ω-spectra
to Ω-spectra and preserves stable equivalences between Ω-spectra.
(2) The composition of forgetful functors Sp(Sˆ∗G) → Sp(Sˆ∗) → Sp(S∗), which we
also denote by | · | : Sp(Sˆ∗G)→ Sp(S∗), sends Ω-spectra to Ω-spectra and preserves
stable equivalences between Ω-spectra.
Proof. (1) In the model structures on Sp(Sˆ∗G) and Sp(Sˆ∗), stable equivalences
between Ω-spectra are exactly the projective equivalences. By Theorem 3.18, the
underlying profinite spectrum of an Ω-spectrum in Sp(Sˆ∗G) is an Ω-spectrum in
Sp(Sˆ∗). Since projective equivalences are maps that are levelwise weak equivalences,
the assertion follows from the fact that the forgetful functor Sˆ∗G → Sˆ∗ preserves
weak equivalences between fibrant objects.
(2) The second assertion follows from the first and from Proposition 3.7. 
3.6. Homotopy groups of fibrant profinite G-spectra.
Definition 3.21. Let X be an Ω-spectrum in Sp(Sˆ∗G). Its underlying profinite
spectrum is fibrant in Sp(Sˆ∗), and, for n ∈ Z, we define the nth homotopy group of
X to be the nth homotopy group of its underlying fibrant profinite spectrum.
Note that in Theorem 3.18 we did not show that the stable equivalences in Sp(Sˆ∗G)
are determined by their underlying maps in Sp(Sˆ∗). If we start with an arbitrary
profinite G-spectrum Y , we do not claim that the homotopy groups of the under-
lying profinite spectrum are isomorphic to the homotopy groups of RGY , where
RG denotes a functorial fibrant replacement functor in Sp(Sˆ∗G). The point is that,
since Y is not fibrant, the fibrant replacement functors in Sp(Sˆ∗) and Sp(Sˆ∗G) may
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send it to profinite spectra which are not stably equivalent in Sp(Sˆ∗).
But if we start with a fibrant profinite G-spectrum X , i.e. an Ω-spectrum in
Sp(Sˆ∗G), as in Definition 3.21, then the homotopy groups of X as a profinite G-
spectrum are canonically isomorphic to the homotopy groups of its underlying Ω-
spectrum in Sp(Sˆ∗) by Proposition 3.20.
Moreover, the G-action on the Ω-spectrum X in Sp(Sˆ∗G) induces a G-action on
each homotopy group of X .
Proposition 3.22. Let X be an Ω-spectrum in Sp(Sˆ∗G). Then each homotopy
group pinX is a profinite G-module for every n ∈ Z.
Proof. Since the underlying spectrum of X is an Ω-spectrum in Sp(Sˆ∗), Lemma 3.8
shows that pinX is isomorphic to pin+kXk for any k ≥ 0 such that n + k ≥ 0. By
Proposition 2.26, the groups pin+kXk are profinite G-modules. 
Remark 3.23. Let X be again an Ω-spectrum in Sp(Sˆ∗G). For a spectrum Z ∈
Sp(S∗), the generalized cohomology groups X
kZ of (11) of Z with coefficients in
the underlying fibrant profinite spectrum of X , inherit a G-action from X . By
Proposition 3.22, each
Hom ˆSH(S
n, X) = pinX
is a profinite G-module. Hence (11) provides XkZ with the structure of a profinite
G-module. Moreover, we may consider (12) as an isomorphism of profinite G-
modules between XkZ and |X |kZ.
3.7. Homotopy limits of fibrant profinite G-spectra. Let I be a small cat-
egory and let X(−) be a functor from I to the full subcategory of Ω-spectra in
Sp(Sˆ∗G). The homotopy inverse limit of the diagram X(−) in Sp(Sˆ∗G) is again
defined levelwise for each space. For each n ≥ 0 and each i ∈ I, the pointed profi-
nite G-space Xn(i) := X(i)n is fibrant. So for every n ≥ 0, the homotopy limit
holimi∈I Xn(i) in Sˆ∗G is a fibrant pointed profinite G-space by Lemma 2.28 and
there is a natural isomorphism in Sˆ∗G
holim
i∈I
Ω(Xn(i)) ∼= Ω(holim
i∈I
Xn(i)).
Since each X(i) is an Ω-spectrum in Sp(Sˆ∗G) and since holimi∈I preserves weak
equivalences between fibrant objects by Lemma 2.28, for each n ≥ 0, we obtain a
weak equivalence in Sˆ∗G
holim
i∈I
Xn(i)
∼
→ holim
i∈I
ΩXn(i) ∼= Ωholim
i∈I
Xn(i).
Hence together with these structure maps the sequence of fibrant pointed profi-
nite G-spaces holimi∈I Xn(i) defines a Ω-spectrum in Sp(Sˆ∗G) that we denote by
holimi∈I X(i) and call the homotopy limit of the diagram X(−).
Lemma 3.24. Let X(−) → Y (−) be a natural transformation of functors from a
small category I to the full subcategory of Ω-spectra in Sp(Sˆ∗G). Then the induced
map
holim
i∈I
X(i)→ holim
i∈I
Y (i)
is an equivalence of Ω-spectra in Sp(Sˆ∗G).
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Proof. We already know that holim sends a small diagram of Ω-spectra in Sp(Sˆ∗G)
to an Ω-spectrum in Sp(Sˆ∗G). Since holim is constructed termwise and since stable
equivalences between Ω-spectra are exactly the projective equivalences in Sp(Sˆ∗G),
the assertion follows from the corresponding result for Sˆ∗G given in Lemma 2.28. 
Lemma 3.25. Let X(−) : I → Sp(Sˆ∗G) be a small cofiltering diagram of Ω-spectra
in Sp(Sˆ∗G). Then the isomorphism of Lemma 3.10
piq(| holim
i∈I
X(i)|) ∼= lim
i∈I
piq(|X(i)|)
is an isomorphism of profinite G-modules for every q ∈ Z.
Proof. Since the Ω-spectrum holimi∈I X(i) in Sp(Sˆ∗G) is constructed levelwise, the
assertion follows from Lemma 2.29. 
3.8. G-spectra with finite homotopy groups.
Theorem 3.26. Let G be a strongly complete profinite group. Let X ∈ Sp(S∗)
be a spectrum such that each space Xn is a pointed G-space. We assume that the
homotopy groups of X are all finite groups. Then there is a G-equivariant map
ϕs : X → F sGX
of spectra from X to a profinite G-spectrum F sGX built of simplicial finite discrete G-
sets such that F sGX is fibrant in Sp(Sˆ∗G) and ϕ
s is a stable equivalence of underlying
spectra. In particular, ϕs induces an isomorphism pi∗X ∼= pi∗|F
s
GX | of the homotopy
groups of underlying spectra.
The assignment X 7→ F sGX is functorial in the sense that given a map h : X →
Y between spectra whose spaces are pointed G-spaces and whose homotopy groups
are finite, there is a map F sG(h) in Sp(Sˆ∗G) such that the following diagram of
underlying spectra commutes
X

h // Y

F sGX F sG(h)
// F sGY.
Proof. The proof is similar to the one of Theorem 3.11 using the replacement functor
of Lemma 2.30. We can assume that X is an Ω-spectrum in Sp(S∗). Since the
homotopy groups of X are finite, each of the groups pik(Xn) is a finite group for
all k, n ≥ 0. Moreover, since X is a spectrum, we can assume that each Xn is a
simple connected pointed G-space. Hence we can apply the functor FG of Lemma
2.30 to each space Xn and obtain the profinite spectrum F
s
GX . By Lemma 2.31,
the induced maps
FGXn → Ω(FGXn+1)
are weak equivalences in Sˆ∗G. Since each FGXn is fibrant in Sˆ∗G, this implies
that the profinite G-spectrum F sGX is an Ω-spectrum in Sp(Sˆ∗). The ith stable
homotopy group of the Ω-spectrum F sGX is given by any of the isomorphic finite
groups
pii+n(FGXn) ∼= pii+n(Xn)
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for positive n such that i+ n ≥ 0. This shows that the map X → F sGX induces an
isomorphism pi∗X ∼= pi∗|F
s
GX |. Functoriality of F
s
G follows from the functoriality of
FG. 
4. Homotopy fixed point spectra
4.1. Continuous equivariant mapping spectra. Let Y be a profinite space and
W be a pointed profinite space. The functor Sˆ → Sˆ∗, Y → Y+, defined by adding
a disjoint basepoint, is the left adjoint of the functor that forgets the basepoint.
Hence there is a natural isomorphism of simplicial sets
(13) map
Sˆ∗
(Y+,W ) ∼= mapSˆ(Y,W ).
The spaces on both sides of (13) are pointed by the map that factors through
∗ → W . Hence (13) is in fact an isomorphism of pointed simplicial sets. We will
use the notation Map(Y,W ) for the pointed simplicial set map
Sˆ∗
(Y+,W ) together
with its basepoint Y → ∗ →W . This defines a functor
Map(−,−) : Sˆ × Sˆop∗ → S∗.
Definition 4.1. Let G be a profinite group. Let Y be a profinite G-space and W
be a pointed profinite G-space. We define MapG(Y,W ) to be the pointed simplicial
set map
Sˆ∗G
(Y+,W ) pointed by the map Y+ → ∗ →W . This defines a functor
MapG(−,−) : SˆG × Sˆ
op
∗G → S∗.
When Y is a profinite G-space and W is a pointed profinite G-space, we can equip
the pointed simplicial set Map(Y,W ) with a G-action by (gf)(y) := gf(yg−1).
With this G-action on Map(Y,W ), MapG(Y,W ) is the pointed space of G-fixed
points of the pointed space Map(Y,W ).
Lemma 4.2. Let Y be a cofibrant profinite G-space and f : V →W be a fibration
between pointed profinite G-spaces. Then
MapG(Y, f) : MapG(Y, V )→ MapG(Y,W )
is a fibration of pointed simplicial sets.
Proof. Since Y is cofibrant and Sˆ∗G is a simplicial model category, the map
map
Sˆ∗G
(Y+, V )→ mapSˆG(Y+,W )
is a fibration of simplicial sets. Thus the MapG(Y, f) is a fibration of pointed
spaces. 
Lemma 4.3. Let Y be a cofibrant profinite G-space, f : V →W be a weak equiva-
lence between fibrant pointed profinite G-spaces. Then
MapG(Y, f) : MapG(Y, V )→ MapG(Y,W )
is a weak equivalence of fibrant pointed simplicial sets.
Proof. The profinite space Y is a cofibrant object in SˆG and V and W are fibrant
objects in Sˆ∗G by assumption. Since Sˆ∗G is a simplicial model category, the induced
map map
Sˆ∗G
(Y+, V ) → mapSˆ∗G(Y+,W ) is a weak equivalence of fibrant simplicial
sets. Hence the pointed map MapG(Y, f) is a weak equivalence of fibrant pointed
spaces. 
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Lemma 4.4. Let Y be a cofibrant profinite G-space. Let X(−) : I → Sˆ∗G be a small
diagram of fibrant pointed profinite G-spaces. Then there is a natural isomorphism
of fibrant pointed simplicial sets
MapG(Y, holim
i∈I
X(i)) ∼= holim
i∈I
MapG(Y,X(i))
where holimi∈I MapG(Y,X(i)) denotes the homotopy limit in S∗ of the small dia-
gramMapG(Y,X(−)) : I → S∗ of pointed simplicial sets. In particular, MapG(Y,−)
preserves homotopy fibers.
Proof. Since Y is a cofibrant object in SˆG, MapG(Y,−) preserves fibrations. More-
over, being a right adjoint functor, MapG(Y,−) preserves products and limits and
sends cotensors to cotensors in the sense that there is a natural isomorphism of
pointed simplicial sets
MapG(Y, homSˆ∗G(K,W ))
∼= homS∗(K,MapG(Y,W ))
for every simplicial set K, where the right hand space is equal to the pointed space
mapS∗(K,MapG(Y,W )) whose basepoint is the map having constant image the
basepoint of MapG(Y,W ). Thus MapG(Y,−) sends the equalizer of the diagram of
pointed profinite G-spaces∏
i∈I
hom
Sˆ∗G
(B(I/i), X(i))⇒
∏
α:i→i′∈I
hom
Sˆ∗G
(B(I/i), X(i′)),
which is by definition holimi∈I X(i), to the equalizer in S∗ of the diagram of pointed
spaces∏
i∈I
homS∗(B(I/i),MapG(Y,X(i)))⇒
∏
α:i→i′∈I
homS∗(B(I/i),MapG(Y,X(i
′))).
Since the equalizer of the last diagram is by definition holimi∈I MapG(Y,X(i)), this
proves the assertion. The statement on homotopy fibers is a special case of the first
assertion. 
Now we turn our attention to continuous mapping spectra.
Definition 4.5. For a profinite space Y and a profinite spectrum X, we denote
by Map(Y,X) the spectrum whose nth space is given by the pointed simplicial set
Map(Y,Xn). This defines a functor
Map(−,−) : Sˆ × Sp(Sˆ∗)
op → Sp(S∗).
Definition 4.6. Let Y be a profinite G-space and X a profinite G-spectrum. We
define MapG(Y,X) to be the spectrum whose nth space is given by the pointed sim-
plicial set MapG(Y,Xn) defined in Definition 4.1. The structure maps are defined
as follows. The compatibilities of mapping spaces and cotensors provide an isomor-
phism
MapG(Y, homSˆ∗(S
1, Xn)) ∼= homS∗(S
1,MapG(Y,Xn)).
The space on the left hand side is MapG(Y,Ω(Xn)) and the space on the right hand
side is Ω(MapG(Y,Xn)). Hence the map Xn → ΩXn+1 defines a map
(14) MapG(Y,Xn))→ MapG(Y,ΩXn+1)
∼= Ω(MapG(Y,Xn+1)).
This provides a functor
MapG(−,−) : SˆG × Sp(Sˆ∗G)
op → Sp(S∗).
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Remark 4.7. Let Y be a profinite G-space and X a profinite G-spectrum. If we
equip again Map(Y,Xn) with the above G-action, then we can consider Map(Y,X)
as a spectrum which is built out of pointed spaces with a G-action and MapG(Y,X)
is the spectrum of fixed points of Map(Y,X).
Lemma 4.8. Let Y be a cofibrant profinite G-space. If X is an Ω-spectrum in
Sp(Sˆ∗G), then MapG(Y,X) is an Ω-spectrum in Sp(S∗).
Proof. By Lemma 4.3 and the definition of the structure maps of MapG(Y,X) in
(14), we can conclude that if X is an Ω-spectrum in Sp(Sˆ∗G), then MapG(Y,X) is
an Ω-spectrum in Sp(S∗). 
Lemma 4.9. Let Y be a cofibrant profinite G-space. The functorMapG(Y,−) sends
stable equivalences between profinite Ω-spectra in Sp(Sˆ∗G) to stable equivalences
between Ω-spectra in Sp(S∗).
Proof. Let f : X → X ′ be a stable equivalence between profinite Ω-spectra in
Sp(Sˆ∗G). By Lemma 4.8, MapG(Y,X) and MapG(Y,X
′) are Ω-spectra in Sp(S∗).
Since stable equivalences between Ω-spectra in Sp(Sˆ∗G) and Sp(S∗) are exactly
the projective (i.e. levelwise) equivalences, the assertion now follows from Lemma
4.3. 
Proposition 4.10. Let Y be a cofibrant profinite G-space. Let X(−) : I → Sp(Sˆ∗G)
be a small diagram of Ω-spectra in Sp(Sˆ∗G). Then there is a natural isomorphism
of Ω-spectra in Sp(S∗)
MapG(Y, holim
i∈I
X(i)) ∼= holim
i∈I
MapG(Y,X(i))
where holimi∈I MapG(Y,X(i)) denotes the homotopy limit in Sp(S∗) of the small
diagram MapG(Y,X(−)) : I → Sp(S∗) of Ω -spectra in Sp(S∗).
In particular, the functor MapG(Y,−) preserves homotopy fibers of maps between
Ω-spectra.
Proof. Since MapG(Y,−) and homotopy limits are defined levelwise, the first as-
sertion follows from Lemma 4.4. The second assertion is a special case of the first
one. 
4.2. Skeleta and coskeleta. For n ≥ 0, let skn : S → S be the nth skeleton
functor for simplicial sets. It is the left adjoint of the coskeleton functor coskn :
S → S. For a simplicial set Z, the simplicial set sknZ is given by the subspace
of X generated by simplices of degree ≤ n. The k-simplices of the nth coskeleton
cosknZ are given by the set HomS(skn∆[k], Z). If Z = Y is a profinite space, then
cosknY inherits the structure of a profinite space. For skn∆[n] is a finite simplicial
set, and hence the set
HomS(skn∆[k], |Y |) ∼= HomSˆ(skn∆[k], Y )
inherits the structure as a profinite set.
Moreover, if Y is a profinite G-space, then Hom
Sˆ
(skn∆[k], Y ) is a limit of finite
discrete G-sets, since skn∆[n] is a finite simplicial set with trivial G-action. Thus
the well-known constructions for skeleta and coskeleta yield a pair of adjoint end-
ofunctors (skn, coskn) on SˆG.
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In terms of mapping spaces, this adjunction translates into the natural isomorphism
of pointed simplicial sets
(15) MapG(sknW,Y )
∼= MapG(W, cosknY )
for every profinite G-spaceW and every pointed profiniteG-space Y . The basepoint
of cosknY is given by the basepoint of Y .
Now let X be an Ω-spectrum in Sp(Sˆ∗G). For a given integer n, the nth coskeleton
of X is defined to be the profinite G-spectrum whose kth space is the pointed
profinite G-space coskn+kXk, i.e. the (n + k)th coskeleton of the kth space Xk of
X . Each coskn+kXk is a fibrant pointed profinite G-space and the induced map of
pointed profinite G-spaces
coskn+kXk → Ω(coskn+k+1Xk+1)
is a weak equivalence in Sˆ∗G, since coskn preserves fibrant objects and weak equiv-
alences between fibrant objects. Thus cosknX is an Ω-spectrum in Sp(Sˆ∗G) if X is.
Lemma 4.11. Let X be an Ω-spectrum in Sp(Sˆ∗G). The tower
. . .→ cosk2X → cosk1X → cosk0X → cosk−1X → . . .
is a Postnikov tower for X, i.e. X = limn cosknX, piqX → piq(cosknX) is an
isomorphism if q ≤ n, and piq(cosknX) = 0 if q > n. In particular, the fiber F (n)
of cosknX → coskn−1X is an Eilenberg-MacLane spectrum in Sp(Sˆ∗G) whose only
nontrivial homotopy group is pinF (n) ∼= pinX.
Proof. Let n and q be integers, and k be any positive integer such that q +m ≥ 0.
Since X and cosknX are Ω-spectra in Sp(Sˆ∗G), the qth profinite homotopy group
of X is given by the abelian profinite group piq+kXk, and the qth homotopy group
of cosknX is given by piq+k((cosknX)k) = piq+k(coskn+kXk). Hence piq(cosknX) is
isomorphic to piqX if q+k ≤ n+k, i.e. if q ≤ n, and piq(cosknX) = 0 if q+k > n+k,
i.e. if q > n.
Since cosknX and coskn−1X are Ω-spectra in Sp(Sˆ∗G), the fiber F (n) of the map
cosknX → coskn−1X is an Ω-spectrum in Sp(Sˆ∗G) by Proposition 4.10. For k ≥ 0,
the kth space F (n)k is the fiber of coskn+kXk → coskn−1+kXk. This fiber is the
profinite G-space K(pin+kXk, n + k). The structure map is given by the natural
equivalence of pointed profinite G-spaces K(pin+kXk, n + k) → Ω(K(pin+kXk, n +
k+1)). Since X is an Ω-spectrum in Sp(Sˆ∗G), the profinite G-module pin+kXk is the
nth homotopy group of X . Hence the fiber F (n) is an Eilenberg-MacLane spectrum
whose homotopy groups pimF (n) vanish for m 6= n and whose nth homotopy group
is isomorphic to pinX . 
4.3. Homotopy fixed point spectra. As an example of a continuous mapping
spectrum, let EG be a contractible profinite G-space with a levelwise free G-action,
in other words a cofibrant profinite G-space which is weakly equivalent to a point.
Definition 4.12. Let X ∈ Sp(Sˆ∗G) be a profinite G-spectrum and let RG be a
fixed functorial fibrant replacement in Sp(Sˆ∗G). We define the homotopy fixed point
spectrum XhG of X to be the function spectrum of continuous G-equivariant maps
from EG to RGX, i.e.
XhG := MapG(EG,RGX).
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Proposition 4.13. If f : X → Y is a stable equivalence of profinite G-spectra,
then the induced map fhG : XhG → Y hG is a stable equivalence between Ω-spectra
in Sp(S∗).
Proof. If f is a stable equivalence in Sp(Sˆ∗G), then RG(f) is a stable equivalence
between Ω-spectra in Sp(Sˆ∗G). Now the assertion follows from Lemma 4.8, Lemma
4.9, and the fact that EG is cofibrant in SˆG. 
Remark 4.14. 1. One should note that the homotopy fixed points of a profinite
G-spectrum are not the homotopy limit of the G-action in the sense of the con-
struction of the previous section. The homotopy limit construction would treat G
as an abstract group, or rather the category defined by G, and would forget the
profinite topology. But for the homotopy fixed points we want to remember the
topology of G. This is why we use the explicit functor MapG(EG,−).
2. The reader may wonder why we do not look for homotopy fixed point spectra that
are profinite spectra themselves. The goal of our construction is to obtain the de-
scent spectral sequence of Theorem 4.15. Since the cohomology groups Hs(G;pitX)
are not profinite groups in general, there is no reason to expect that pi∗(X
hG) to
be profinite.
Before we prove our main result about continuous homotopy fixed point spectra,
let us choose a concrete model for EG. We let EG be the profinite G-space given
in degree n by the (n + 1)-fold product Gn+1 of copies of G. Its ith face map is
given by
(16) di : Gn+1 → Gn, (g1, . . . , gn+1) 7→ (g1, . . . , ˆgi+1, . . . , gn+1)
where the hat means that the component gi+1 is omitted. We let g ∈ G act on G
by h 7→ hg−1, for all h ∈ G, and let G act on EGn via the diagonal action on G
n+1.
This action is free, and the quotient EG/G is the usual classifying space BG for G
given in degree n by Gn with face maps
d¯i(g1, . . . , gn+1)


(g2, . . . , gn+1) : i = 0
(g1, . . . , gigi+1, . . . , gn+1) : 1 ≤ i ≤ n
(g1, . . . , gn) : i = n+ 1.
Theorem 4.15. Let G be a profinite group and X a profinite G-spectrum. There
is a homotopy fixed point spectral sequence whose Es,t2 -term is the sth continuous
cohomology of G with coefficients the profinite G-module pitX:
Es,t2 = H
s(G;pitX)⇒ pit−s(X
hG).
This spectral sequence converges completely to pi∗(X
hG) if lim1rE
s,t
r = 0 for all s
and t.
Proof. After applying the fibrant replacement functor RG we can assume that X
is fibrant in Sp(Sˆ∗G). Let sknEG be the nth skeleton of EG in SˆG. The induced
G-equivariant map skn−1EG→ sknEG is a cofibration of profinite G-spaces (since
we only add free copies of G in dimension n as nondegenerate simplices). Filtering
EG by its finite skeleta we obtain a tower of spectra
(17) . . .→ MapG(sknEG,X)→ MapG(skn−1EG,X)→ . . .
{X(n) := MapG(sknEG,X)}n
42 GEREON QUICK
whose limit is isomorphic to XhG. Since the skeleton sknEG is a cofibrant profinite
G-space for every n ≥ 0, every spectrum MapG(sknEG,X) is an Ω-spectrum in
Sp(S∗) by Lemma 4.8, and each map
MapG(sknEG,X)→ MapG(skn−1EG,X)
is a projective (or, in the terminology used in [3], a strict) fibration in Sp(S∗) by
Lemma 4.2. Now we can use the fact that the projective fibrations between Ω-
spectra are exactly the stable fibrations. For Sp(S∗) this was proved in [3], Lemma
A.8. But this is just a special case of the general fact that in a left Bousfield local-
ization LCM of a model category M a map between C-local objects is a fibration
in LCM if and only if it is a fibration in M by [20]. Thus (17) is in fact a tower of
stable fibrations between Ω-spectra in Sp(S∗).
By the adjunction of skeleta and coskeleta, tower (17) is naturally isomorphic to
the tower of stable fibrations of Ω-spectra in Sp(S∗)
(18) . . .→ MapG(EG, cosknX)→ MapG(EG, coskn−1X)→ . . .
By Lemma 4.11, the fiber of the map cosknX → coskn−1X is an Eilenberg-MacLane
spectrumHpinX [n]. Since pinX is a profiniteG-module, HpinX [n] is a fibrant object
of Sp(Sˆ∗G) whose kth space is the pointed profinite G-space K(pinX, k + n). Now
the crucial point is that the functor MapG(EG,−) sending Ω-spectra in Sp(Sˆ∗G)
to Ω-spectra in Sp(S∗) preserves homotopy fibers by Proposition 4.10. Hence, for
every n, tower (18) induces a long exact sequence of abelian groups
. . .→ pik+1(MapG(EG, coskn−1X))→ pik(MapG(EG,F (n)))→ pik(MapG(EG, cosknX))→ . . .
continuing with pik(MapG(EG, coskn−1X)) and so on. This sequence yields exact
couples for various n and we obtain a spectral sequence
Es,t2 = pit−s(MapG(EG,F (t)))⇒ pit−s(X
hG).
Since F (t) is an Ω-spectrum in Sp(Sˆ∗G) equivalent to HpitX [t], the fiber of the map
MapG(EG, cosktX)→ MapG(EG, coskt−1X)
is the Ω-spectrum MapG(EG,HpitX [t]) in Sp(S∗). The (t − s)th homotopy group
of this spectrum is given by any of the isomorphic abelian groups
pit−s−k(MapG(EG,K(pit+kXk, t+ k)))
such that t+ k ≥ 0. The following lemma shows that this this group is exactly the
continuous cohomology group Hs(G;pitX). Finally, complete convergence follows
as in [4], IX §5. 
To finish the proof of Theorem 4.15, it remains to prove the following fact.
Lemma 4.16. Let pi be a profinite G-module. For every n ≥ 0, there is a natural
isomorphism
piq(MapG(EG,K(pi, n)))
∼= Hn−q(G;pi)
between the homotopy groups of the fibrant pointed space MapG(EG,K(pi, n)) and
the continuous cohomology of G with coefficients in pi.
Proof. The weak equivalence K(pi, n) → Ω(K(pi, n + 1)) of pointed profinite G-
spaces induces a weak equivalence
MapG(EG,K(pi, n))→ Ω(MapG(EG,K(pi, n+ 1)))
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of pointed simplicial sets. Hence by induction it suffices to show
pi0(MapG(EG,K(pi, n)))
∼= Hn(G;pi).
The fibrant space K(pi, n) represents continuous cohomology in Sˆ with coefficients
in the profinite abelian group pi. In particular, this means that we have a natural
isomorphism
Hom
Sˆ
(Y,K(pi, n)) ∼= Zn(Yn;pi)
where the right hand side denotes the set of continuous cocycles in the cochain
complex of continuous maps
Cn(Y ;pi) = Hom
Eˆ
(Yn, pi).
The differential δn : Cn(Y ;pi)→ Cn+1(Y ;pi) is the map associating to the continu-
ous map α : Yn → pi the map
∑n+1
i=0 (−1)
iα ◦ di, where di denotes the ith face map
Yn+1 → Yn. For Y = EG, C
n(EG;pi) is just the set
Cn(G;pi) = Hom
Eˆ
(Gn+1;pi)
of continuous maps from the (n+ 1)-fold product of copies of G to pi and δn sends
a map α : Gn+1 → pi to the map given by
(g0, . . . , gn+1) 7→
n+1∑
i=0
(−1)iα(g0, . . . , gˆi, . . . , gn+1).
The subcomplex of G-equivariant continuous maps C∗G(G;pi) ⊂ C
∗(G;pi) is given
in degree n by the maps α such that
gα(g1, . . . , gn+1) = α(g1g
−1, . . . , gn+1g
−1).
The homology groups of this cochain complex are the continuous cohomology groups
ofG with coefficients in the profiniteG-module pi. Since the differentials in C∗(G;pi)
are G-equivariant, the group of nth cocycles ZnG(G;pi) in the complex C
∗
G(G;pi) is
equal to the subgroup of G-equivariant maps in Zn(G;pi). In terms of maps from
EG to K(pi, n) this means that there is a natural isomorphism
Hom
SˆG
(EG,K(pi, n)) ∼= ZnG(G;pi).
Since the left hand side is just the set of 0-simplices of MapG(EG,K(pi, n)) we
obtain an isomorphism
(MapG(EG,K(pi, n)))0
∼= ZnG(G;pi).
Now it suffices to remark that, since K(pi, n) is a fibrant profinite G-space, that the
equivalence relation
d0, d1 : (MapG(EG,K(pi, n)))1 ⇒ (MapG(EG,K(pi, n)))0
given by simplicial homotopy, which defines the equalizer of this diagram, induces
an isomorphism
pi0MapG(EG,K(pi, n))
∼= Hn(G;pi).

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4.4. Cosimplicial descriptions of the homotopy fixed point spectral se-
quence. The homotopy fixed point spectral sequence of Theorem 4.15 and the
definition of homotopy fixed points can also be given in terms of cosimplicial spec-
tra and total spaces of cosimplicial objects. Let V • be a cosimplicial pointed space,
i.e. a cosimplicial object in S∗. The total space TotV
• of V • (see [4], X, §3) is
given by the equalizer in S∗ of the diagram∏
n≥0
hom
Sˆ∗
(∆[n], V n)⇒
∏
ϕ:[n]→[m]
hom
Sˆ∗
(∆[n], V m).
For k ≥ 0, let Totk V
• be the equalizer in S∗ of the diagram∏
n≥0
hom
Sˆ∗
(skk∆[n], V
n)⇒
∏
ϕ:[n]→[m]
hom
Sˆ∗
(skk∆[n], V
m).
Now let Z• be a cosimplicial spectrum, i.e. a cosimplicial object in Sp(S∗). The
total spectrum TotZ• is the spectrum whose nth space is the total space of the
cosimplicial space Z•n (see [46], Definition 5.24). Since Tot commutes with cotensor
objects for spaces, the structure maps of TotZ• are given by the map
TotZ•n → Tot (ΩZ
•
n+1)
∼= Ω(TotZ•n+1).
Since cotensor objects in Sp(S∗) are defined levelwise, Tot also commutes with
cotensor objects for spectra. For k ≥ 0, Totk Z
• is defined to be the spectrum
obtained by applying Totk levelwise.
Now let W be a profinite G-space and X a profinite G-spectrum. Considering the
nth profinite set Wn of W as a constant simplicial profinite G-space, we can view
W also as a simplicial object in SˆG. Applying the functor MapG(−, X) toW yields
a cosimplicial spectrum which we denote by MapG(W
•, X).
Lemma 4.17. (a) For W and X as above, the total spectrum Tot (MapG(W
•, X))
is naturally isomorphic to the spectrum MapG(W,X).
(b) For every k ≥ 0, the spectrum Totk(MapG(W
•, X)) is naturally isomorphic to
the spectrum MapG(skkW,X).
Proof. Since the total spectrum is defined levelwise, it suffices to prove the corre-
sponding assertions when X is a pointed profinite G-space. In this case, (a) follows
immediately from the description of Tot (MapG(W
•, X)) as the equalizer in S∗ of
the diagram∏
n≥0
hom
Sˆ∗
(∆[n],MapG(W
n, X))⇒
∏
ϕ:[n]→[m]
hom
Sˆ∗
(∆[n],MapG(W
m, X)).
This proves (a). Claim (b) follows in the same way by considering the corresponding
equalizer diagram for Totk. 
For W = EG ∈ SˆG, we obtain a cosimplicial spectrum MapG(G
•+1, X) whose
nth spectrum is MapG(G
n+1, X). The previous lemma and the construction of the
homotopy fixed point spectral sequence in the proof of Theorem 4.15 imply the
following result.
Proposition 4.18. Let X be a fibrant profinite G-spectrum.
(a) There is a natural isomorphism of spectra
XhG = MapG(EG,X)
∼= Tot (MapG(G
•+1, X)).
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(b) The spectral sequence of Theorem 4.15 is isomorphic to the spectral sequence
associated to the tower of spectra
{Totk (MapG(G
•+1, X))}k.
In [46], Definition 5.23, Thomason calls a cosimplicial spectrum Z a cosimplicial
fibrant spectrum, if each spectrum Zn is a fibrant spectrum, and calls Z a fibrant
cosimplicial fibrant spectrum if in addition each cosimplicial space Z•m is Reedy
fibrant (see [20], 15.3.2, or [4], X, 4.6).
Lemma 4.19. (a) Let V be a fibrant pointed profinite G-space. ThenMapG(G
•+1, V )
is a fibrant cosimplicial space in the Reedy model category structure on cosimplicial
spaces.
(b) Let X be a fibrant profinite G-spectrum. Then MapG(G
•+1, X) is a fibrant
cosimplicial fibrant spectrum in the sense of [46], Definition 5.23.
Proof. (a) By [20], Lemma 15.11.10, in order to show that MapG(G
•+1, V ) is Reedy
fibrant it suffices to show that G•+1 is a Reedy cofibrant simplicial profinite G-
space. This means that the map from the nth latching object LnG
•+1 to Gn+1 is
a cofibration in SˆG. Since the LnG
•+1 is a subobject of Gn+1 in Sˆ and since the
action of G on Gn+1 is free, the map LnG
•+1 → Gn+1 is in fact a cofibration in
SˆG.
Claim (b) follows from (a) and the fact that MapG(G
n+1, X) is an Ω-spectrum for
every n. 
Finally, we would like to replace MapG(G
•+1, X) by a cosimplicial spectrum of the
form Map(G•, X) given in cosimplicial degree n by the spectrum Map(Gn, X).
Recall that the ith coface map
di : MapG(G
n, X)→ MapG(G
n+1, X)
is given by sending a map α : Gn → X to the map di(α) : Gn+1 → X that sends
the (n+ 1)-tuple (g1, . . . , gn+1) to α(g1, . . . , ˆgi+1, . . . , gn+1).
Remark 4.20. Here and in the following discussion we abuse notations and de-
scribe elements in MapG(G
n+1, X) or Map(Gn, X) simply by their effects on tuples
of elements onG and neglect that a general element in the kth set MapG(G
n+1, Xm)k
of the mth space is a G-equivariant map Gn+1 ×∆[k] → Xm, respectively a map
Gn × ∆[k] → Xm in Map(G
n, Xm)k. Moreover, we will only discuss the coface
maps, since they are important for the resulting cochain structures, and omit the
calculations for the codegeneracy maps.
On Map(G•, X) we define the ith coface map d˜i : Map(Gn−1, X) → Map(Gn, X)
to be the map which sends a map β : Gn−1 → X to the map
(19) d˜i(β)(g1, . . . , gn) =
{
β(g1, . . . , gˆi+1, . . . , gn) : 0 ≤ i ≤ n− 1
g−1n β(g1g
−1
n , . . . , gn−1g
−1
n ) : i = n.
We then have a morphism
ϕ : MapG(G
•+1, X)→ Map(G•, X)
of cosimplicial spectra defined as follows. For α ∈ MapG(G
n, X), we define the
map ϕ(α) ∈ Map(Gn−1, X) by
ϕ(α)(g1, . . . , gn−1) := α(g1, . . . , gn−1, 1).
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The map ϕ has an inverse ϕ−1 defined by sending a map β ∈ Map(Gn−1, X) to the
map α = ϕ−1(β) defined by
ϕ−1(β)(g1, . . . , gn) := g
−1
n β(g1g
−1
n , . . . , gn−1g
−1
n ).
Remembering that we let G act on itself by letting g ∈ G act by h 7→ hg−1, we see
that ϕ−1(β) is in fact a G-equivariant map; for we have for every g ∈ G
gϕ−1(β)(g1, . . . , gn) = gg
−1
n β(g1g
−1
n , . . . , gn−1g
−1
n )
= (gng
−1)−1β(g1g
−1(gng
−1)−1, . . . , gn−1g
−1(gng
−1)−1)
= ϕ−1(β)(g1g
−1, . . . , gng
−1).
Now one can check
ϕ−1(ϕ(α))(g1, . . . , gn) = g
−1
n ϕ(α)(g1g
−1
n , . . . , gn−1g
−1
n )
= g−1n α(g1g
−1
n , . . . , gn−1g
−1
n , 1)
= α(g1g
−1
n gn, . . . , gn−1g
−1
n gn, 1gn)
= α(g1, . . . , gn)
where the third equality uses that α is G-equivariant. On the other hand we have
ϕ(ϕ−1(β))(g1, . . . , gn−1) = ϕ
−1(β)(g1, . . . , gn−1, 1)
= β(g1, . . . , gn−1).
Moreover, the maps ϕ and ϕ−1 are compatible with the coface maps. We start with
ϕ. For 0 ≤ i ≤ n− 1, we have
ϕ(di(α))(g1, . . . , gn) = d
i(α)(g1, . . . , gn, 1)
= α(g1, . . . , ˆgi+1, . . . , gn, 1)
= 1α(g11, . . . , ˆgi+1, . . . , gn1)
= d˜i(ϕ(α))(g1, . . . , gn).
For i = n, we have
ϕ(dn(α))(g1, . . . , gn) = d
n(α)(g1, . . . , gn, 1)
= α(g1, . . . , gn)
= g−1n α(g1g
−1
n , . . . , gn−1g
−1
n , 1)
= g−1n ϕ(α)(g1g
−1
n , . . . , gn−1g
−1
n )
= d˜n(ϕ(α))(g1, . . . , gn).
Now we check ϕ−1. For 0 ≤ i ≤ n− 1, we have
ϕ−1(d˜i(β))(g1, . . . , gn+1) = g
−1
n+1d˜
i(β)(g1g
−1
n+1, . . . , gn−1g
−1
n+1)
= g−1n+1β(g1g
−1
n+1, . . . , gig
−1
n+1, gi+2g
−1
n+1, . . . , gn−1g
−1
n+1)
= ϕ−1(β)(g1, . . . , ˆgi+1, gn+1)
= di(ϕ−1(β))(g1, . . . , gn+1).
For i = n, we have
ϕ−1(d˜n(β))(g1, . . . , gn+1) = g
−1
n+1d˜
n(β)(g1g
−1
n+1, . . . , gng
−1
n+1))
= g−1n+1(gng
−1
n+1)
−1β(g1g
−1
n+1(gng
−1
n+1)
−1, . . . , gn−1g
−1
n+1(gng
−1
n+1)
−1)
= g−1n β(g1g
−1
n , . . . , gn−1g
−1
n )
= ϕ−1(β)(g1, . . . , gn)
= dn(ϕ−1(β))(g1, . . . , gn+1).
Together with Proposition 4.18, this proves the following comparison result.
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Proposition 4.21. Let X be a fibrant profinite G-spectrum. We equip Map(G•, X)
with the cosimplicial structure of (19). The map ϕ is an isomorphism of cosimplicial
spectra and induces an isomorphism
XhG ∼= Tot (Map(G•, X)).
The map ϕ induces a map of towers of spectra
{Totk (MapG(G
•+1, X))}k → {Totk (Map(G
•, X))}k
and an isomorphism of spectral seuences from the spectral sequence of Theorem 4.15
to the spectral sequence associated to the tower of spectra
{Totk (Map(G
•, X))}k.
The former spectral sequence converges to pit−s(X
hG), and converges completely if
lim1rE
s,t
r = 0 for all s and t.
Remark 4.22. In order to show that the spectral sequences of the proposition
are isomorphic, one could also use the following fact proved in [9] and [12]. For
a profinite G-module M , let Map(G•,M) be the cochain complex of continuous,
given in degree n by the group of continuous maps from Gn to M with differentials∑n
i=0 d˜
i, where d˜i is defined as in (19) with X replaced by M . The cohomology of
this cochain complex is isomorphic to the continuous cohomology H∗(G;M) of G
with coefficients in M (see [9], Proof of Theorem 3.1 on page 139). This also shows
that the map ϕ induces an isomorphism of spectral sequences from the E2-terms
on.
4.5. Iterated homotopy fixed point spectra. Now let H be a closed normal
subgroup of G. The homotopy fixed points under the action of G, H and G/H
should be related to each other. As we mentioned above, the homotopy fixed point
spectrum XhH is in general not a profinite spectrum anymore. Hence, in general,
we cannot ask for a continuous action of G/H on XhH . But the homotopy fixed
points XhG do respect the continuity of the action. So for comparing XhG with
XhH under its induced G/H-action, we assume that K := G/H is a finite group.
Starting from the model structure of simplicial K-sets in [19], V §2, we can de-
fine the category of K-spectra Sp(S∗K) as in Definition 3.12. Then the method of
Hovey [23] yields again a stable model structure on Sp(S∗K). As above, a map f
in Sp(S∗K) is a fibration if and only if its underlying map in Sp(S∗) is a fibration
of Bousfield-Friedlander spectra.
The induced map XhG → XhH factors through the fixed points (XhH)K , since
K acts trivially on XhG. By composing with the canonical map from fixed points
(XhH)K = MapK(∗, X
hH) to homotopy fixed points (XhH)hK = MapK(EK,X
hH),
we get the map
XhG → (XhH)K → (XhH)hK .
It follows almost from the definitions that this map is an equivalence. We summarize
this in the following theorem in which the last assertion follows from the first and
the older brother of Theorem 4.15 for finite groups.
Theorem 4.23. Let X be a profinite G-spectrum and let H be an normal subgroup
of G with finite quotient K = G/H. Then the map XhG
≃
→ (XhH)hK is a stable
equivalence in Sp(S∗). Moreover, there is a spectral sequence for iterated homotopy
fixed points
Hs(K;pit(X
hH))⇒ pit−s(X
hG).
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5. Morava stabilizer groups and Lubin-Tate spectra
5.1. En has a model as a profinite Gn-spectrum. We return to our main
example discussed in the introduction. For a fixed prime number p and an integer
n ≥ 1, let Gn denote the extended Morava stabilizer group associated to the height
n Honda formal group law Γn over Fpn . It is a profinite group and can also be
described as the group of automorphisms of the Lubin-Tate spectrum En in the
stable homotopy category. Hopkins and Miller have shown that Gn is in fact the
automorphism group of En by A∞-maps, cf. [38]. Later on, Goerss and Hopkins
extended this result to the E∞-setting. Hence Gn acts on the spectrum-level on
En by E∞-ring maps, cf. [18]. We will show now that there is a canonical model
for En in the category of profinite Gn-spectra.
Let BP be the Brown-Peterson spectrum for the fixed prime p. Its coefficient ring
is BP∗ = Z(p)[v1, v2, . . .], where vn has degree 2(p
n − 1). There is a canonical map
r : BP∗ → En∗ = W (Fpn)[[u1, . . . , un−1]][u, u
−1] defined by r(vi) = uiu
1−pi for
i < n, r(vn) = u
1−pn and r(vi) = 0 for i > n. Let I be an ideal in BP∗ of the form
(pi0 , vi11 , . . . , v
in−1
n−1 ). Such ideals form a cofiltered system. Its images in En∗ under
r : BP∗ → En∗ provide each pitEn with the structure of a continuous profinite
Gn-module as
pitEn ∼= lim
I
pitEn/IpitEn.
In fact, for t odd these groups vanish, for t even each quotient pitEn/IpitEn is a
finite discrete Gn-module and the decomposition as an inverse limit of these finite
discrete Gn-modules is Gn-compatible.
For a cofinal subsystem of such ideals I, there are finite generalized Moore spectra
MI with trivial Gn-action whose Brown-Peterson homology is BP∗(MI) = BP∗/I
and who have the property pit(En∧MI) ∼= pitEn/IpitEn for all t, see [21]. Moreover
there is a canonical equivalence
En ≃ holim
I
En ∧MI .
This observation of [21] is the starting point for all attempts to view En as a
continuous Gn-spectrum.
Although each pit(En∧MI) is a finite discreteGn-module, Gn does not act discretely
on the spectra En ∧MI , in the sense that there is no open subgroup U of Gn such
that the Gn-action on the whole spectrum En ∧MI factors through Gn/U . But a
slightly less demanding statement holds. Each En∧MI and hence En have a model
in Sp(Sˆ∗Gn), i.e. models that are built out of pointed profinite Gn-spaces.
Theorem 5.1. En has a model in the category of continuous profinite Gn-spectra,
i.e. there is a profinite Gn-spectrum E
′
n and a Gn-equivariant map of spectra
ψ : En → E
′
n
that is a stable equivalence of underlying spectra.
Proof. To simplify the notation, we will set En,I := En ∧MI . The profinite group
Gn is finitely generated as a profinite group and is hence strongly complete by the
theorem of Nikolov and Segal [31]. Thus, since the homotopy groups of the Gn-
spectrum En,I are all finite, we can apply the replacement functor of Theorem 3.26
to obtain a profinite Gn-spectrum F
s
Gn
(En,I) built out of fibrant pointed simplicial
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finite Gn-sets and a Gn-equivariant map of spectra
En,I → F
s
Gn(En,I)
which induces isomorphisms
pit(En,I) = pit(F
s
Gn(En,I)) = pit(|F
s
Gn(En,I)|)
for every t and hence is a stable equivalence of spectra. We define the profinite
Gn-spectrum E
′
n to be the homotopy limit in Sp(Sˆ∗Gn) of the F
s
Gn
(En,I)
E′n := holim
I
F sGn(En,I) ∈ Sp(Sˆ∗Gn)
over the cofinal subsystem of ideals I for which MI exists. The profinite Gn-
spectrum E′n is equipped with a Gn-equivariant map of spectra
ψ : En
≃
→ holim
I
En,I
≃
→ holim
I
F sGn(En,I) = E
′
n
which is a stable equivalence of underlying spectra. This proves the assertion. 
The above theorem also implies that E′n is a fibrant profinite G-spectrum for every
closed subgroup G of Gn. This allows to define the continuous homotopy fixed
spectrum of En under the action of any closed or open subgroup of Gn.
Definition 5.2. Let G be any closed subgroup of Gn. The continuous homotopy
fixed point spectrum EhGn of the Lubin-Tate spectrum is the homotopy fixed point
spectrum of E′n considered via restriction as a profinite G-spectrum, i.e.
EhGn := MapG(EG,E
′
n).
Remark 5.3. Since En isK(n)∗-local, E
′
n isK(n)∗-local, and since taking mapping
spectra preserves K(n)∗-local objects, E
hG
n is a K(n)∗-local spectrum.
Corollary 5.4. Let G be a closed subgroup of Gn, and K be a normal subgroup of
G such that G/K is finite. Then EhGn is naturally equivalent to (E
hK
n )
hG/K . There
is a strongly convergent spectral sequence for iterated homotopy fixed points
H∗(G/K;pi∗E
hK
n )⇒ pi∗E
hG
n .
Proof. This follows from Theorem 4.23 applied to E′n of Theorem 5.1. 
Before we prove Theorem 1.2 of the introduction, we collect some consequences
of our construction. Let K(n) be the nth p-primary Morava K-theory spectrum.
Its coefficient ring is given by K(n)∗ = Fp[vn, v
−1
n ] where vn has degree 2(p
n − 1).
Let Lˆ = LK(n) denote K(n)∗-localization in Sp(S∗). As in the proof of Theorem
5.1, we choose a cofinal subsystem of these ideals such that the associated finite
generalized Moore spectra MI satisfy Lˆ(S
0) = holimIMI . To simplify the notation
we will write
E′n,I := F
s
Gn(En ∧MI)
for the fibrant profinite Gn-spectrum F
s
Gn
(En ∧MI) built out of simplicial finite
discrete G-sets.
Lemma 5.5. For any closed subgroup G of Gn, there is an isomorphism of Ω-
spectra
EhGn
∼= holim
I
(E′n,I)
hG.
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Proof. By Proposition 4.10 we have an isomorphism
MapG(EG, holim
I
E′n,I)
∼= holim
I
MapG(EG,E
′
n,I).
The first assertion now follows from the fact that we defined EhGn to be the left
hand side of this isomorphism, and that the right hand side is holimI(E
′
n,I)
hG. 
Furthermore, since Gn is a p-adic analytic profinite group, it is possible to find a
sequence of normal open subgroups of Gn
(20) Gn = U0 ! U1 ! · · · ! Ui ! · · ·
with
⋂
i Ui = {e}. For the rest of the paper we choose a fixed sequence of such
open subgroups of Gn.
Lemma 5.6. For every closed subgroup G of Gn and every ideal I, the canonical
map
colim
i
(E′n,I)
hGUi ∼→ (E′n,I)
hG
is an equivalence of spectra.
Proof. Filtering EG and EGUi by its subskeleta, induces for each i a map of towers
of spectra
{MapGUi(sknEGUi, E
′
n,I)}n → {MapG(sknEG,E
′
n,I)}n.
This induces a map of convergent spectral sequences {Es,tr (i)} → {E
s,t
r } of the form
Es,t2 (i) = H
s(GUi;pitE
′
n,I)

+3 pit−s(E
′
n,I)
hGUi

Es,t2 = H
s(G;pitE
′
n,I)
+3 pit−s(E
′
n,I)
hG.
As open subgroups of Gn, the GUi have a uniform bound for their cohomological
dimension, i.e. there is an N ∈ N such that Es,t2 (i) = 0 for all i whenever s >
N . By [28], Proposition 3.3, this implies that the colimit of spectral sequences
colimi{E
s,t
r (i)} converges to the colimit of the abutments. Hence we get an induced
map of convergent spectral sequences of the form
(21) colimi E
s,t
2 (i) = colimiH
s(GUi;pitE
′
n,I)

+3 colimi pit−s(E
′
n,I)
hGUi

Es,t2 = H
s(G;pitE
′
n,I)
+3 pit−s(E
′
n,I)
hG.
Since the Ui’s satisfy
⋂
i Ui = {e} and since pitE
′
n,I is a finite discrete Gn-module
for each t, the map of E2-terms of (21) is an isomorphism for all s and t. Since
both spectral sequences are strongly convergent, this implies that the right hand
map of (21) is an isomorphism of finite abelian groups and that the canonical map
of spectra
colim
i
(E′n,I)
hGUi → (E′n,I)
hG
is an equivalence for each I. 
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Proposition 5.7. For any closed subgroup G of Gn, there is an equivalence of
Ω-spectra
EhGn ≃ holim
I
colim
i
(E′n,I)
hGUi .
Proof. By Lemma 5.5, it suffices to show that (E′n,I)
hG is equivalent to the colimit
colimi(E
′
n,I)
hGUi for each I. This is the content of Lemma 5.6. 
Let S be a profinite set S and let S = limα Sα be a presentation of S as a limit
of finite sets. We can consider S also as a constant simplicial profinite set with
identities as face and degeneracy maps. Then the constructions of the previous
chapter give us spectra Map(S,E′n) and Map(S,E
′
n,I) for every I. The main case
of interest for us is the one where S = Gj is the j-fold product of a closed subgroup
G of Gn for an integer j ≥ 0.
Lemma 5.8. There is an isomorphism of Ω-spectra
Map(S,E′n)
∼= holim
I
Map(S,E′n,I).
Proof. By mimicking the proof of Proposition 4.10 for Map(S,−), considered as a
functor from Sp(Sˆ∗G) to the category of G-spectra, we obtain an isomorphism
Map(S, holim
I
E′n,I)
∼= holim
I
Map(S,E′n,I).
The assertion then follows from the definition of E′n as holimI E
′
n,I . 
In the following, for profinite sets S and T , we will denote the set of continuous
maps from S to T also by
Map(S, T ) := Hom
Eˆ
(S, T ).
Lemma 5.9. For each ideal I, the homotopy groups of the spectrum Map(S,E′n,I)
are given by the isomorphism
pi∗Map(S,E
′
n,I)
∼= Map(S, pi∗E
′
n,I) := HomEˆ(S, pi∗E
′
n,I)
where the right hand side denotes the group of continuous functions from the profi-
nite set S to the finite discrete homotopy groups of E′n,I .
Proof. Since E′n,I is an Ω-spectrum that consists of simplicial finite sets, the spec-
trumMap(S,E′n,I) is isomorphic to colimαMap(Sα, E
′
n,I). Taking homotopy groups
commutes with this colimit of fibrant spectra by [46], Lemma 5.5. Since each Sα
is a finite set, Map(Sα, E
′
n,I) is just a finite product of copies of E
′
n,I . This im-
plies that taking homotopy groups also commutes with Map(Sα,−), i.e. there is
an isomorphism
pi∗Map(Sα, E
′
n,I)
∼= Map(Sα, pi∗E
′
n,I).
Hence we obtain isomorphisms
pi∗Map(S,E
′
n,I)
∼= colim
α
Map(Sα, pi∗E
′
n,I)
∼= Map(S, pi∗E
′
n,I).

Proposition 5.10. The homotopy groups of the spectrum Map(S,E′n) are given
by the isomorphism
pi∗Map(S,E
′
n)
∼= Map(S, pi∗E
′
n) := HomEˆ(S, pi∗E
′
n).
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Proof. By Lemma 5.9, the assertion holds when we replace E′n by any E
′
n,I . More-
over, Map(S,E′n) is isomorphic to the homotopy limit holimI Map(S,E
′
n,I) by
Lemma 5.8. Hence the spectral sequence for the homotopy groups of the homotopy
limit of spectra Map(S,E′n) has the form
Ep,q2 = lim
I
pMap(S, piqE
′
n,I)⇒ piq−pMap(S,E
′
n).
Since the functor Map(S,−) is exact on the category of profinite abelian groups,
the terms Ep,q2 vanish for p > 0 and the spectral sequence collapses. For each q ∈ Z,
we obtain an induced isomorphism
lim
I
Map(S, piqE
′
n,I)
∼= piqMap(S,E
′
n).
We remark that the category of profinite groups is the pro-category of finite groups.
This means in particular, that the left hand side satisfies
lim
I
Map(S, piqE
′
n,I)
∼= Map(S, lim
I
piqE
′
n,I).
Now it remains to recall piqE
′
n
∼= limI piqE
′
n,I . This proves the assertion. 
5.2. Comparison with the construction of Devinatz and Hopkins. As in
the introduction we will adopt the notation of [2] and [5] to denote the Devinatz-
Hopkins fixed point spectra of En of [12] by E
dhG
n . Devinatz and Hopkins define
these spectra in two steps. First they define homotopy fixed point spectra EdhUn for
open subgroups U of Gn using the fact that Gn/U is finite and that the expected
homotopy type of EdhUn ∧ En is the one of Map(Gn/U,En). This construction
depends on the specific properties of Gn as a p-adic analytic profinite group, and of
the important calculations of the mapping space of self-maps of En by Goerss and
Hopkins in [18]. (The construction of E′n of course also relies on this calculation
which makes it possible to define a model of En on which Gn acts by maps of
spectra and not only by maps in the stable homotopy category.)
In a second step, they define the homotopy fixed points for a closed subgroup of
Gn. Using the fixed sequence (20), Devinatz and Hopkins define for an arbitrary
closed subgroup G of Gn
EdhGn := Lˆ(hocolim
i
Edh(UiG)n )
where hocolim denotes the homotopy colimit in the category of commutative S0-
algebras in the category of S0-modules of [14].
As remarked in [12], p. 5, there is a canonical map EdhGn → En. Since this map
is Gn-equivariant and since G acts trivially on E
dhG
n , this map factors through
EdhGn → E
G
n , i.e. through the G-fixed points of En. Furthermore, there is a
canonical map from the fixed points EGn to the continuous homotopy fixed points
EhGn of Definition 5.2 given by the composition
EGn → (E
′
n)
G = MapG(∗, E
′
n)→ MapG(EG,E
′
n) = E
hG
n .
Composition with the map EdhGn → E
G
n yields a map from E
dhG
n to E
hG
n . Hence
for any closed (or open) subgroup G of Gn, there is a canonical map between the
homotopy fixed point spectra
(22) EdhGn −→ E
hG
n .
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5.3. Proof of Theorem 1.2. We have defined the homotopy fixed point spectrum
EhGn for an arbitrary closed subgroup G of Gn in Definition 5.2. This proves the
first assertion of (i) in Theorem 1.2. The spectral sequence of Theorem 4.15 then
yields the homotopy fixed point spectral sequence
Hs(G;pitEn)⇒ pit−s(E
hG
n )
for any closed subgroup G of Gn starting from the continuous cohomology of G and
converging to the homotopy groups of the homotopy fixed points of En under G.
This spectral sequence is natural in G. Since Gn is a p-adic analytic group, so is G
and its continuous cohomology groups with profinite coefficients are also profinite
groups, cf. [43]. Hence the lim1-terms of the Er-terms all vanish. Moreover, G has
finite virtual cohomological dimension and the spectral sequence above is strongly
convergent. This proves the first assertion of part (ii) of Theorem 1.2.
Let S be a profinite set and S = limα Sα be a presentation of S as a limit of finite
sets. In preparation of the proof the main theorem, we will define a map of spectra
Lˆ(En ∧Map(S,E
′
n))→ Map(S ×Gn, E
′
n)
that induces an isomorphism on homotopy groups.
Let Ui be an element of the sequence of open normal subgroups of Gn and let I
be an element of the fixed set of ideals such that Lˆ(S0) = holimIMI . For a given
I, let µI be the induced multiplication map µI : E
′
n,I ∧ E
′
n,I → E
′
n,I . We define a
map of spectra
τ(I, i) : EdhUin ∧Map(S,E
′
n)→ Map(S ×Gn/Ui, E
′
n,I)
as follows. Given a pair (x, f) on the left hand side to the map S ×Gn/Ui → E
′
n,I
that sends a pair (s, h¯) in S×Gn/Ui to the element µI(f(s), xh¯
−1) in E′n,I , where we
abuse notations and denote the images of x and f(s) in E′n,I by the same symbols.
Since f is continuous and Gn/Ui is a finite set, this map is continuous as well.
By taking colimits, the maps τ(I, i) induce a map
colim
i
EdhUin ∧Map(S,E
′
n)→ colim
i
Map(S ×Gn/Ui, E
′
n,I).
The right hand spectrum is just Map(S ×Gn, E
′
n,I), and we obtain a map
τ(I) : colim
i
EdhUin ∧Map(S,E
′
n)→ Map(S ×Gn, E
′
n,I).
Moreover, the maps τ(I) induce a map
(23) colim
i
EdhUin ∧Map(S,E
′
n)→ holim
I
Map(S ×Gn, E
′
n,I).
By Lemma 5.8, the right hand side is isomorphic to Map(S × Gn, E
′
n). Finally,
since Map(S ×Gn, E
′
n) is K(n)∗-local, we obtain an induced map from the K(n)∗-
localization
(24) τ : Lˆ(En ∧Map(S,E
′
n))→ Map(S ×Gn, E
′
n).
Theorem 5.11. The map τ induces an isomorphism on homotopy groups.
Proof. The map τ induces a homomorphism on homotopy groups of underlying
spectra
(25) pi∗(τ) : pi∗Lˆ(En ∧Map(S,E
′
n))→ pi∗Map(S ×Gn, E
′
n).
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By Theorem 5.1 and Proposition 5.10, the right hand side of (25) is isomorphic to
Map(S × Gn, pi∗En). By [12], (2.3) and page 25, and the construction of τ , the
homomorphism pi∗(τ) is exactly the isomorphism
pi∗Lˆ(En ∧Map(S,E
′
n))→ Map(S ×Gn, pi∗En).

If S = ∗ is just a point, the equivalence En ≃ |E
′
n| implies the following consequence
of the previous proposition.
Corollary 5.12. The map of spectra
Lˆ(En ∧ En)→ Map(Gn, E
′
n)
induces an isomorphism on homotopy groups.
We would like to generalize this result a bit further. Therefore, let Z ∈ Sp(S∗) be
a spectrum and let t ∈ Z be an integer. We denote by [Z, ?]t maps in the stable
homotopy category of degree −t. Let Z ∼= colimα Zα be a decomposition of Z as a
filtered colimit of finite subspectra Zα. We recall from [12] that the En-cohomology
groups EtnZ = [Z,En]
t of Z are topologized as the profinite abelian groups
EtnZ = lim
α,I
EtnZα/IE
t
nZα.
For each α, the above decomposition of EtnZ into a limit over the ideals I is induced
by the decomposition of En ∼= holimEn ∧MI . For each I, the finite abelian group
EtnZα/IE
t
nZα is isomorphic to (En ∧MI)
tZα.
Furthermore, by the construction of E′n,I and by (12), we have a natural isomor-
phism
(E′n,I)
tZα ∼= (En ∧MI)
tZα ∼= E
t
nZα/IE
t
nZα.
By definition of E′n as holimI E
′
n,I and by (12), we obtain a natural isomorphism
(E′n)
tZα ∼= E
t
nZα/IE
t
nZα.
Hence the map ψ : En → E
′
n induces an isomorphism
(26) EtnZ
∼= (E′n)
tZ
of profinite abelian groups. Considering the Gn-action on En, we even know that
(26) is an isomorphism of profinite Gn-modules.
Proposition 5.13. Let G be a closed subgroup of Gn, j ≥ 0 a positive integer. For
every spectrum Z ∈ Sp(S∗) and every integer t ∈ Z, the map
τ j(Z) : [Z, Lˆ(En ∧Map(G
j , E′n))]
t → Map(Gj ×Gn, E
t
nZ)
induced by τ is an isomorphism of abelian groups.
Proof. By the definition of the topology on EtnZ
∼= (E′n)
tZ, it suffices to show the
assertion for any finite subspectrum Zα of Z. Hence we can assume that Z is a
finite spectrum. Moreover, since τ induces a natural transformation
[−, Lˆ(En ∧Map(G
j , E′n))]
∗ → Map(Gj ×Gn, E
∗
n(−))
of cohomology theories satisfying the product axiom, it suffices to prove the asser-
tion for Z = S0. For S0, the assertion follows from Proposition 5.10 and Theorem
5.11. 
CONTINUOUS HOMOTOPY FIXED POINTS FOR LUBIN-TATE SPECTRA 55
Let G be again a closed subgroup of Gn. The cosimplicial spectrum Map(G
•, E′n)
with the coface maps defined in (19) defines a cochain complex in the stable ho-
motopy category of spectra given in degree j by Map(Gj , E′n) with differentials
δ˜i :=
∑
i(−1)
id˜i.
Moreover, the map EdhGn → En → E
′
n induces an augmentation map
EdhGn → E
′
n = Map(G
0, E′n).
Thus we obtain a sequence of maps in the stable homotopy category
(27) ∗ → EdhGn → Map(G
0, E′n)→ Map(G
1, E′n)→ Map(G
2, E′n)→ . . .
Using the terminology of [27] and [12] for K(n)∗-local En-Adams resolutions, we
can now show the following key result.
Theorem 5.14. Sequence (27) is a K(n)∗-local En-Adams resolution of E
dhG
n .
Proof. First, we have to show that each Map(Gj , E′n) is En-injective, i.e. that it
is a retract of Lˆ(Y ∧ En) for some spectrum Y . The isomorphisms in the stable
homotopy category
Map(Gj , E′n)
∼= holimI colimiMap(G/(G ∩ Ui), E
′
n,I)
∼= holimI colimi
∏
G/(G∩Ui)
E′n,I
∼= holimI colimi
∏
G/(G∩Ui)
En ∧MI
∼= holimI colimi(
∏
G/(G∩Ui)
S0) ∧ En ∧MI
∼= Lˆ(colimi(
∏
G/(G∩Ui)
S0) ∧ En).
shows that Map(Gj , E′n) is a retract of Lˆ(colimi(
∏
G/(G∩Ui)
S0) ∧ En).
It remains to show that (27) is En-exact. By [12], Appendix A, it suffices to show
that the sequence of abelian groups
(28)
0→ [Z, Lˆ(EdhGn ∧En)]
t → [Z, Lˆ(En∧Map(G
0, E′n))]
t → [Z, Lˆ(En∧Map(G
1, E′n))]
t → . . .
is exact for every spectrum Z ∈ Sp(S∗).
By Proposition 5.13, we have an isomorphism
Hi([Z, Lˆ(En ∧Map(G
∗, E′n))]
t) ∼= Hi(Map(G∗ ×Gn, E
t
nZ)).
By [41], Chap. I, §1.2, Proposition 1.1, the surjective map Gn → Gn/G of profinite
sets admits a continuous (set-theoretic) section. This implies that there is a home-
omorphism Gn ∼= G×Gn/G. This induces an isomorphism of cochain complexes
Map(G∗ ×Gn, E
t
nZ)
∼= Map(G∗ ×G×Gn/G,E
t
nZ).
For the latter cochain complex, the map
q : Map(G∗+1 ×G×Gn/G,E
t
nZ)→ Map(G
∗ ×G×Gn/G,E
t
nZ)
defined by
q(f)(g1, . . . , gj, t, h¯) = (−1)
j+1f(g1t, . . . , gjt, t, 1, h¯)
is a contracting homotopy. This shows
Hi(Map(G∗ ×Gn, E
t
nZ)) = 0 for i > 0.
For i = 0, H0(Map(G∗ ×Gn, E
t
nZ)) is the kernel of the map
δ˜0 : Map(Gn, E
t
nZ)→ Map(G×Gn, E
t
nZ)
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given by the subgroup of G-invariant elements
(Map(Gn, E
t
nZ))
G ⊂ Map(Gn, E
t
nZ).
Hence we have an isomorphism
H0(Map(Gn ×G
∗, EtnZ))
∼= (Map(Gn, E
t
nZ))
G.
By [12], Proposition 6.3, there is an isomorphism
[Z, Lˆ(EdhGn ∧En)]
t ∼= Map(Gn, E
t
nZ)
G.
This shows that sequence (28) is exact. 
Theorem 5.15. The homotopy fixed point spectral sequence converging to EhGn
is isomorphic to the K(n)∗-local En-Adams spectral sequence of [12] converging to
EdhGn . The canonical map E
dhG
n → E
hG
n is an equivalence of spectra.
Proof. By Theorem 5.14, sequence (27), which is induced by the cosimplicial spec-
trum Map(G•, E′n), is a K(n)∗-local En-Adams resolution of E
dhG
n . Hence, by [12],
Proposition A.5, the spectral sequence associated to the tower of fibrations of total
spectra
{Totk Π
•(Map(G•, E′n))}k
is isomorphic to a the K(n)∗-local En-Adams spectral sequence for E
dhG
n , where Π
•
denotes the cosimplicial replacement functor of [4], XI. Moreover, by [12], Proposi-
tion A.8, the map
EdhGn → holim
∆
Map(G•, E′n)
is an equivalence of spectra.
Since Map(G•, E′n)
∼= MapG(G
•+1, E′n) is a fibrant cosimplicial fibrant spectrum,
the canonical map
TotMap(G•, E′n)→ holim
∆
Map(G•, E′n)
is an equivalence of spectra by [46], Lemma 5.25. Hence we obtain a commutative
diagram of maps of spectra
EdhGn //
∼
((PP
PP
PP
PP
PP
PP
P
TotMap(G•, E′n)
∼
uu❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
holim∆Map(G
•, E′n).
Since the two bottom maps are equivalences, the map
EdhGn → TotMap(G
•, E′n)
is an equivalence as well. Since the right hand spectrum is isomorphic to EhGn by
Proposition 4.21, this shows that the map
EdhGn → E
hG
n
is an equivalence of spectra.
Furthermore, the map of spectral sequences induced by the map of towers of fibra-
tions
{Totk (Map(G
•, E′n))}k → {Totk Π
•(Map(G•, E′n))}k
is an isomorphism of spectral sequences from E2-terms on (see for example [12],
Proposition 4.16). Together with the previous conclusions, this proves the assertion.

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Corollary 5.16. The spectral sequence obtained by mapping a spectrum Z into the
tower of fibrations {Totk (Map(G
•, E′n))}k has the form
Es,t2 = H
s(G;EtnZ)⇒ (E
hG
n )
t+sZ.
This spectral sequence is strongly convergent and isomorphic to the K(n)∗-local
En-Adams spectral sequence of [12] converging to (E
dhG
n )
∗Z.
Proof. By Theorem 5.14 and by [12], Proposition A.5, the spectral sequence ob-
tained by mapping a spectrum Z into the tower of fibrations {Totk (Map(G
•, E′n))}k
is isomorphic to the K(n)∗-local En-Adams spectral sequence of [12] converging to
(EdhGn )
∗Z. By Proposition 4.21, [Z,TotMap(G•, E′n)]
∗ is isomorphic to (EhGn )
∗Z.
The identification of the abutments then follows from Theorem 5.15, since the equiv-
alence EdhGn ≃ E
hG
n implies a natural isomorphism (E
dhG
n )
∗Z ∼= (EhGn )
∗Z. 
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